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Abstract. This paper investigates the stability and convergence properties of asynchronous
stochastic approximation (SA) algorithms, with a focus on extensions relevant to average-reward re-
inforcement learning. We first extend a stability proof method of Borkar and Meyn to accommodate
more general noise conditions than previously considered, thereby yielding broader convergence guar-
antees for asynchronous SA. To sharpen the convergence analysis, we further examine the shadowing
properties of asynchronous SA, building on a dynamical systems approach of Hirsch and Benaim.
These results provide a theoretical foundation for a class of relative value iteration-based reinforce-
ment learning algorithms—developed and analyzed in a companion paper—for solving average-reward
Markov and semi-Markov decision processes.
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1. Introduction. Asynchronous stochastic approximation (SA) methods play
a central role in reinforcement learning (RL), particularly in model-free algorithms
for solving Markov and semi-Markov decision processes (MDPs and SMDPs). These
processes are versatile models for sequential decision-making under uncertainty in
discrete or continuous time, with applications in robotics, finance, operations research,
and beyond [20]. This work is motivated by the need to advance RL techniques
for average-reward MDPs and SMDPs, where the objective is to optimize sustained
long-term performance—a setting in which existing asynchronous SA theory remains
inadequate. We focus on establishing general stability and convergence results for
asynchronous SA under broad noise conditions arising in average-reward RL. These
theoretical developments lay the foundation for a companion paper [33] that analyzes
and designs average-reward RL algorithms.

The general asynchronous SA framework we consider is based on the seminal
works of Borkar [9, 10] and Borkar and Meyn [12]. The algorithms operate in a finite-
dimensional space R? and, given an initial vector o € R?, iteratively compute z,, € R?
for n > 1 using an asynchronous scheme. This asynchrony involves selective updates to
individual components at each iteration. Specifically, at the start of iteration n > 0,
a nonempty subset Y, C Z := {1,2,...,d} is randomly selected according to some
mechanism. The ith component (i) of x,, is then updated as

(11) $7L+1(7;) =Tpn (’L) + anz‘ (h, (ilin) + wn+1(i)) ifie Y.,
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or remains unchanged, ,,+1(7) =z, (7) if 7 € Y;,. This process involves a diminishing
random step size f3,;, a Lipschitz continuous function h : R — R? expressed as
h = (hi,...,hq), and a random noise term wy 11 = (Wnt1(1),...,wpr1(d)) € RY. As
will be detailed later, the step sizes and the choices of the sets Y,, satisfy conditions
similar to those introduced by Borkar [9, 10], while the function h meets a stability
criterion introduced by Borkar and Meyn [12]. This criterion, expressed via a scaling
limit of A, imposes conditions on the solutions to the ordinary differential equation
(ODE) & = h(z) when they are far from the origin, thereby ensuring their stability
and other properties.

Building on the above framework, this paper makes two main contributions: first,
a stability result for asynchronous SA under more general noise conditions than previ-
ously considered; and second, a convergence analysis based on shadowing properties.
The former not only addresses key gaps in the literature on average-reward RL but
also strengthens the theoretical foundation for extending such methods to broader
settings. The latter sharpens existing convergence results in asynchronous SA and,
in turn, yields stronger convergence guarantees for RL algorithms that build on this
theory. We now review the relevant background and explain how these results build
upon and extend prior work.

1.1. Stability: Prior work and our result. Stability, referring to the bound-
edness of the iterates {x, }, is crucial for convergence analysis of SA algorithms. Var-
ious approaches exist for ensuring stability (see [11, Chap. 4], [18]). We focus on the
Borkar-Meyn stability criterion due to its generality and its suitability for average-
reward RL, where the mappings underlying the algorithms generally lack contraction
or nonexpansion properties—unlike in discounted or total reward settings (see, e.g.,
[2, 25, 31] and [6, Chaps. 4 and 5]). An alternative approach for stability, also applied
in RL, is to relate the original algorithm (1.1) to a hypothetical, stable counterpart,
such as a scaled iteration [2] or projected iterates [21]. However, linking the original it-
erates to the hypothetical ones is often challenging, involving nonexpansive mappings
[2, Lem. 2.1] or requiring bounded differences between original and hypothetical it-
erates [21, Assump. S5, sect. IV.A]—conditions difficult to satisfy in average-reward
RL. In contrast, the Borkar-Meyn stability criterion does not rely on such conditions.

Our first main result is a stability proof for asynchronous SA in the Borkar-Meyn
framework under general conditions on the noise terms {w,}, which arise naturally
in average-reward RL for SMDPs. Specifically, the noise is decomposed into a cen-
tered component and a biased component as wy 11 = My, 1+1 + €541, where {M,, 41} is
a martingale difference sequence subject to conditional variance conditions, and €, 1
satisfies |l€p+1]| < 0nt1(1 4 ||2n]]) with d,+1 — 0 almost surely (a.s.) as n — oo (see
Assumption 2.2). In average-reward SMDP applications, the biased term ¢, arises
because the function h depends on expected holding times (i.e., expected durations
of state transitions), which are unknown SMDP parameters that RL algorithms can
only estimate with increasing accuracy over time. The conditions on {M,, 11} consid-
ered here are also weaker than those typically assumed, accommodating RL settings
without a priori lower bounds on expected holding times (see section 2.3 and [33]).

To the best of our knowledge, these general noise conditions have not previously
been treated in the stability analysis of asynchronous SA using the Borkar—-Meyn
stability criterion (although conditions of this type are standard in the synchronous
case [11, 18]). Borkar and Meyn provided a stability proof for the synchronous setting
[12], but the stability of asynchronous SA was asserted in their theorem [12, Thm. 2.5]
without an explicit proof. Moreover, their noise conditions are stronger than ours,

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/15/20 10 129.1726.216.54 . Redistripbution subject to SIA M license or copyrignt; see nttps://epubs.slam.org/terms-privacy

1458 HUIZHEN YU, YI WAN, AND RICHARD S. SUTTON

requiring M, 11 to be generated from z,, and independent and identically distributed
(i.i.d.) random disturbances via a function that is uniformly Lipschitz continuous in
Zn, as detailed in Remark 2.2. (It should be mentioned, however, that their theorem
[12, Thm. 2.5] pertains to a general distributed computing framework with commu-
nication delays, which we do not consider.) Within the Borkar-Meyn framework,
Bhatnagar [8, Thm. 1] provided a stability proof for asynchronous SA (with bounded
communication delays and €,1 = 0) under the condition that ||M,11]] < K(14 ||z,||)
for all n > 0 for some deterministic constant K. This condition is more restrictive
than the standard condition on martingale-difference noises, which itself can be too
strong for SMDPs (see section 2.3).

One prominent class of RL algorithms where such SA results play a central role in-
volves learning methods based on relative value iteration (RVI) [22, 23, 30] for solving
average-reward problems. In a seminal paper [1], Abounadi, Bertsekas, and Borkar
first applied the Borkar—-Meyn stability criterion to develop an asynchronous stochas-
tic RVI algorithm, RVI Q-learning, for finite-space MDPs under an average-reward
criterion. Their work has since been extended by Wan, Naik, and Sutton [27, 28]
to a broader algorithmic framework and to hierarchical control in average-reward
MDPs, as well as by the authors [29] to relax the MDP/SMDP model conditions from
unichain to weakly communicating assumptions. These developments in RL all rely
on asynchronous SA theory—alongside domain-specific analyses involving the struc-
ture of MDPs/SMDPs and the RVI approach—to establish convergence, making the
stability of the SA process a foundational issue.

However, the theoretical analyses of RVI Q-learning in the prior studies [1, 27, 28]
inherit limitations stemming from gaps in the underlying asynchronous SA theory
regarding stability. Although these studies showed that the Borkar—Meyn stability
criterion is satisfied by the functions h (cf. (1.1)) associated with their respective
algorithms, for the stability of these asynchronous algorithms, the original study of
RVI Q-learning [1] relied on an unproven assertion in [12, Thm. 2.5], while the later
works [27, 28] argued incorrectly. Bhatnagar’s stability result [8, Thm. 1] partially
addresses some of these issues, under the assumption of bounded random rewards per
stage. However, it does not apply to one algorithm from [27] for hierarchical control,
which aims to solve an associated average-reward SMDP where the noise conditions
required in [8, Thm. 1] are too restrictive.

Our stability result for asynchronous SA presented in this paper (see Theorem 2.1)
not only (a) resolves the open stability question in existing RVI Q-learning algorithms
from [1, 27, 28], but also (b) solidifies the groundwork for further extensions of RVI
Q-learning. Both points (a) and (b) were already demonstrated in our recent work [29]
mentioned earlier, where we applied the SA results established here. In the companion
paper [33], which builds on this work, we further support point (b) by developing a
new, generalized RVI Q-learning algorithm for SMDPs.

As for the means by which we obtain our stability result, the main strategy—
beyond several technical subtleties—is to use stopping-time techniques to construct
auxiliary processes with desirable properties, enabling the application of Borkar and
Meyn’s reasoning developed in the context of synchronous SA [12]. This approach
allows us to handle various types of noise terms in a unified way, while retaining the
structure of their original stability proof.

1.2. Shadowing: Prior work and our result. Once stability is ensured, a
judicious choice of interpolation for the iterates {z,} allows us to apply existing
SA theory and conclude that {z,} converges a.s. to a compact, connected subset
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of R? with invariance properties with respect to (w.r.t.) the ODE & = h(x) (see
Theorem 2.2). This limit set is typically larger than the w-limit set of a single ODE
solution [3, 5.

An approach developed by Hirsch and Benaim narrows this limit set to an w-
limit set of the ODE by using the concept of ‘shadowing’ from dynamical systems. In
the SA context, shadowing refers to the existence of an ODE solution whose forward
trajectory asymptotically coincides with an interpolated trajectory of {z,}. The
notion of shadowing was first introduced and studied by Bowen [14] for perturbed
orbits in dynamical systems. Hirsch [17] later proved a shadowing theorem, which
has since found significant applications in SA by enabling sharper characterizations
of the limit set; see Benaim and Hirsch [5] and Benaim [3, 4].

These prior studies focused primarily on synchronous SA algorithms. In this
work, we build on their results to analyze the shadowing properties of asynchronous
SA under additional conditions on the biased noise terms, step sizes, and asynchrony
(see Theorem 2.3 and section 4). We tailor the convergence theorem to a setting
relevant to average-reward RL applications, where the focus is on convergence to
equilibrium points, but our proof arguments apply more broadly. This constitutes
our second main contribution and, to the best of our knowledge, provides the first
shadowing analysis for asynchronous SA in the Borkar—-Meyn framework.

1.3. Summary of contributions and paper organization. To summarize

the main contributions of this paper:

(i) We extend Borkar and Meyn'’s stability method [12] to address more general
noise conditions by employing stopping-time techniques. This result (The-
orem 2.1), combined with existing SA theory, leads to broader convergence
guarantees for asynchronous SA (Theorem 2.2).

(ii) We further sharpen the convergence analysis for asynchronous SA algorithms
by analyzing their shadowing properties (see section 4), building on a dynam-
ical systems approach of Hirsch and Benaim [3, 4, 5, 17]. This yields enhanced
convergence results for asynchronous SA (Theorem 2.3), providing sufficient
conditions to ensure convergence to a unique (path-dependent) equilibrium
within a compact and connected set of equilibria of the associated ODEs.

We apply these results in [33] to develop and analyze a generalized RVI Q-learning
algorithm for SMDPs. An important future research direction is to extend this work
to distributed computation frameworks that account for communication delays.

This paper is organized as follows. Section 2 introduces the asynchronous SA

framework, presents our stability and convergence results, and discusses their appli-
cations to average-reward RL. The stability proof and an outlined basic convergence
proof are given in section 3, while the shadowing properties are analyzed in section 4.
Section 5 concludes with a brief summary.

Notation: In this paper, || - || denotes either the Euclidean norm || - ||2 or the infinity
norm |||/, depending on the context. Additionally, 1{ E'} denotes the indicator func-
tion of an event F, and E[-] denotes expectation. For a,b € R, aV b:=max{a,b} and
aAb:=min{a,b}. For convergence of functions, we write 2 for pointwise convergence
and %% for uniform convergence on compact subsets of the domain.

2. Asynchronous SA: Stability and convergence. We start with a detailed
description of the asynchronous SA framework outlined earlier in (1.1).

2.1. Algorithmic framework. Let a,, >0, n >0, be a given positive sequence
of diminishing step sizes. Consider an asynchronous SA algorithm of the following
form: at iteration n >0, choose a subset Y,, # @& of Z. For i € Y,,, let @, 11 (i) =z, (i);
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and for ¢ € Y, with v(n,i):= Z;é 1{i € Yi} denoting the cumulative number of
updates to the ith component prior to iteration n, let

(2.1) Tn+1(8) = Tn(8) + W (n0) (hi (@) + My (i) + €n+1(i))v €Y.

The algorithm is associated with an increasing family {F,, },,>o of o-fields, where F,, D
(T, Yoy Mo, €m;m <n). The following conditions will be assumed throughout.

Assumption 2.1 (conditions on function h).
(i) h is Lipschitz continuous: for some Ly > 0, ||h(z) — h(y)|| < Lpllz — y|| for all
x,y € RY,
(ii) Define h(x):=h(cz)/c for ¢>1. As ¢ 00, he “S hyo : R — RY.
(iii) The ODE (t) = heo(z(t)) has the origin as its unique globally asymptotically
stable equilibrium.

Assumption 2.2 (conditions on noise terms M, €,). For all n >0, we have

(3) EllMas1]] < 00, E[Mys1 | Fo] = 0, and E[|My1 | | Fo] < K1+ [l2]|2) as. for
some JFp-measurable K,, >0 with sup,, K, < oo a.s;

(ii) [lens1]l < Onp1 (14 ||zpl), where 6,41 is Fpyi-measurable and 6, "= 0 a.s.

Assumption 2.3 (step size conditions).
(i) >, an=00, >, a2 <oo, and a,11 < ay, for all n sufficiently large.
(ii) For z € (0,1), sup,, 2=l < oo, where [zn] denotes the integral part of zn.
" [yn]
(iii) For z € (0,1), as n — oo, % — 1 uniformly in y € [z,1].
0 Ok

For z >0 and n >0, define N(n,z):=min{m >n:Y ;. «a>z}.

Assumption 2.4 (asynchronous update conditions).
(i) For some deterministic A >0, liminf,,_, v(n,7)/n > A as. for all i € Z.
Zu(N(n,ac),i)

o g .
Shovimd —— exists aus. for all 4,5 € 7.
ag

2 k=u ()

Remark 2.1. Assumption 2.1 on h is the Borkar—-Meyn stability criterion [12].
Note that the functions h. and he, are also Lipschitz continuous with modulus Ly,
and hs(0) = 0. The required uniform convergence condition h,. S heo is equivalent
t0 he 2 hoo. For the ODE 4(t) = h(z(t)), this assumption not only implies the bound-
edness of every solution trajectory x(t) for ¢ > 0, but also guarantees the existence of
at least one equilibrium point, as we will show in Lemma 2.1.

(ii) For each z > 0, the limit lim,,

Remark 2.2. Assumption 2.2(i) relaxes the standard condition on the martingale
difference noise terms {M,}, which uses a deterministic constant K instead of the
K, ’s in the conditional variance bounds. We will discuss in section 2.3 the necessity
of each condition in the context of our RL applications.

The noise terms for asynchronous SA in Borkar [9] and Borkar and Meyn [12]
satisfy Assumption 2.2 but are more specific: €,11 =0 and M, 1 = F (2, (nq1), Wwhere
{¢,} are exogenous and i.i.d. random variables, and F is a function uniformly Lipschitz
in its first argument. (Stability of the algorithm is assumed in [9] and asserted in [12,
Thm. 2.5] without explicit proof.) In our arXiv preprint [32], we provide an alternative
stability proof for this specific form of martingale-difference noises, which is slightly
simpler than our stability proof under the more general Assumption 2.2.

Remark 2.3. Assumptions 2.3 and 2.4 regarding step sizes and asynchrony are
nearly identical to those used in [1] for RVI Q-learning. They accommodate commonly
used step sizes, such as 1/n or 1/(nlnn), and typical RL scenarios, where Z is the
space of state-action pairs and the sets Y, are selected based on Markov chains on Z
induced by RL agents (see [29, Ex. 3] for an example). These conditions, with some

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/15/20 10 129.1726.216.54 . Redistripbution subject to SIA M license or copyrignt; see nttps://epubs.slam.org/terms-privacy

ASYNCHRONOUS SA WITH RL APPLICATIONS 1461

minor variations in Assumption 2.4(ii), were originally introduced in a broader asyn-
chronous SA context by Borkar [9, 10], specifically for the step size structure o, ;).
Their purpose is to impose partial asynchrony so that the asymptotic behavior of the
asynchronous algorithm aligns, on average, with that of a synchronous counterpart,
thereby facilitating analysis. (This is evident from the detailed analysis in [9, 10],
which shows that the limits in Assumption 2.4(ii) must in fact equal 1; see also our
Lemmas 3.2, 3.4, 4.1(i).)

This partial asynchrony is crucial for our average-reward RL applications. While
Q-learning achieves stability and convergence in fully asynchronous schemes for both
discounted and certain undiscounted total-reward MDPs [25, 31], these results do not
extend to the average-reward Q-learning algorithms of interest, as their associated
mappings are generally neither contractive nor nonexpansive.

2.2. Results. We now present our stability and convergence theorems for al-
gorithm (2.1). The stability theorem, our first main result in this section, parallels
Borkar [11, Thm. 4.1] for synchronous algorithms. Its proof, given in section 3, ex-
tends the Borkar—-Meyn stability argument through a stopping-time construction, as
noted earlier in the introduction.

THEOREM 2.1. For algorithm (2.1) under Assumptions 2.1-2.4, {z,} is
bounded a.s.

Combining Theorem 2.1 with established SA theory [9, 11] leads to our conver-
gence theorem. This theorem characterizes the asymptotic behavior of both the indi-
vidual iterates {x,} and a continuous trajectory formed by them, which we introduce
first.

Let C((—00,00);R%) (resp., C([0,00); R?)) denote the space of all R%-valued con-
tinuous functions on R (resp., R, ), equipped with a metric such that convergence in
this space corresponds to uniform convergence on compact intervals. These spaces
are complete. By the Arzeld—Ascoli theorem, a family of functions in either space
is relatively compact (i.e., has compact closure) if and only if these functions are
equicontinuous and pointwise bounded (see [11, App. A.1] or [18, Chap. 4.2.1]).

Define a linearly interpolated trajectory Z(t) from {z,} with aggregated step
sizes a, = ZZ—GYH Qy(n,i), 7 > 0, as the elapsed times between consecutive iterates.

Specifically, for n >0, let £(n) := Zz;é &y, with £(0):=0, and define Z(£(n)) :=z,, and

i t—1t(n) . R
(2.2) a:(t).—xn+—£(n+1)_t~(n) (Tps1 — ), tet(n),t(n+1)].

We refer to the temporal coordinate of Z(t) as the “ODE time.” For the results below,
we extend Z(-) to a function in C((—o0,00); R%) by setting Z(-) = zo on (—00,0).

THEOREM 2.2. For algorithm (2.1) under Assumptions 2.1-2.4, a.s.,
(i) the sequence {x,} converges to a (possibly sample path-dependent) compact, con-
nected, internally chain transitive,! invariant set D of the ODE i(t) = h(z(t));

1Recall from [4, sect. 5.1, p. 21] and [11, Chap. 2.1, p. 16] that a compact invariant set D is
called internally chain transitive if for any x,y € D and any €,T > 0, there exists a finite sequence
of points in D starting at « and ending in y: z, zo,21,...,Tn—1,%n =Y, such that ||z — zo|| < € and,
for each 0 < i < n, the ODE trajectory starting from x; comes within € distance of z;1; at a time
greater than 7. Internally chain transitive sets and related concepts, introduced by Bowen [14] and
Conley [15], are fundamental in dynamical systems theory. Benaim [3] was the first to use them to
characterize the asymptotic behavior of SA algorithms. Although our proofs do not explicitly involve
these sets, they enter through existing convergence theory and provide the theoretical underpinning.
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(ii) with Z(-) defined as above, the family {Z(t + -)}ier is relatively compact in
C((—00,00);RY), and any limit point of T(t +-) as t — oo is a solution of the
ODE i(t) = Lh(x(t)) that remains entirely in D.

The proof of Theorem 2.2 will be outlined in section 3. Part (i) of Theorem 2.2
parallels [11, Thm. 2.1] for synchronous algorithms, while part (ii) is similar to [11,
Thm. 6.1] for asynchronous algorithms, given stability. A key distinction from [11,
Thm. 6.1] is our choice of the step sizes that define the ODE time in Z(-). The step size
choice in [11, Thm. 6.1] appears less advantageous under Assumptions 2.3 and 2.4, as it
not only results in multiple limiting ODEs but also complicates their characterization
(see [32, Rem. 3.2] for a detailed discussion). Here, we obtain a unique limiting ODE
(Theorem 2.2(ii)), which, beyond technical convenience, facilitates further analysis of
the shadowing properties of Z(-), as will be discussed below.

We now focus on a scenario relevant to RL, where the goal is for the algorithms
to converge to the equilibrium set of the ODE &(t) = h(xz(t)), defined as Ej, :={x €
R?| h(x) = 0}. Before proceeding, we note an implication of Assumption 2.1 for Ej,.

LEMMA 2.1. If h satisfies Assumption 2.1, then Ej is nonempty, compact, and
contained in some compact, connected, globally asymptotically stable? set of the ODE
i(t) = h(xz(t)).

Proof. By [11, Corollary 4.1], there exist ¢ > 0 and 7" > 0 such that for any
solution z(-) of the ODE @(t) = h(x(t)), if ||z(t)|| > ¢, then ||z(t + T)| < ||z(t)]|/4.
Thus, for any initial condition z(0), there exists a sequence of times t,, T co such that
x(t,) € Bs :={y € R4 |||y|| <&}. The compact set B, is hence a global weak attractor
(by the definition of such an attractor; see [7, Chap. V.1]) and contains at least one
equilibrium point by [7, Thm. V.3.9]. This shows that B: D E}, # @. Since h is
Lipschitz continuous, Fj, is compact. For the desired globally asymptotically stable
set containing Fj, we can take the first positive prolongation set of Bz.3 ]

As will be discussed in section 2.3, for average-reward RL in MDPs/SMDPs with-
out unichain model restrictions, Fj, is generally not a singleton but rather consists
of infinitely many connected equilibrium points. Corollary 2.1 below applies Theo-
rem 2.2 to this setting, using the fact that if E}, is globally asymptotically stable, it
must contain all compact invariant sets.

COROLLARY 2.1. Let Assumptions 2.1-2.4 hold, and let Ey, be globally asymptot-
ically stable for the ODE &(t) = h(x(t)). Then the following hold a.s. for algorithm
(2.1):

(i) The sequence {x,} converges to a compact connected subset of E,.
(ii) For any § >0 and any convergent subsequence {z,, }, as k — oo,

Ts,p :=min{|s| : [|Z(t,, +5) — x| >, s€R} = o0,

where T(+) is the continuous trajectory defined above, t,, =t(ny) is the ODE-time
when x,, is generated, and x* € Ey, is the point to which {x,,} converges.

2Recall that a compact set D is globally asymptotically stable if every solution z(t) of the ODE
converges to D as t — 0o, and D is Lyapunov stable (see [18, Chap. 4.2.2]).

3Details: As a compact global weak attractor, Bz lies in some compact globally asymptotically
stable set, the smallest being its first positive prolongation set D (Bz) [7, Thm. V.1.25]. Explic-
itly, D (Bz) = Ugep, Dt (z), where Dt (z) = {y € R? | I{zn} C R? and {tn} C Ry} s.t. z, —
z, d(tn;Tn) — y as n — oo} with ¢(¢;Z) denoting the ODE solution with z(0) = z. Since each
D7 (z), x € Bz, is connected [7, Thm. 11.4.4] and Bz is connected, DT (Bz) is connected.
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Corollary 2.1(ii) shows that algorithm (2.1) spends increasing ODE-time in ar-
bitrarily small neighborhoods around its iterates’ limit points in E}, with each visit
near a limit point lasting longer and tending to infinity. Thus, when FEj contains
nonisolated equilibria, the algorithm’s behavior may resemble convergence to a single
point, even if it does not truly converge.

We now analyze this case further® by presenting sufficient conditions for the
asynchronous algorithm (2.1) to converge to a unique point in E}, a result also relevant
to our RL applications. Our approach builds on Hirsch [17], Benaim and Hirsch [5],
and Benaim [3, 4]. Roughly speaking, the idea is to ensure that Z(-) asymptotically
tracks a unique solution trajectory of the limiting ODE, a concept known as shadowing
in the cited literature. One way to achieve this is by ensuring sufficiently rapid tracking
of the ODE solutions. In the asynchronous SA setting, we decompose the “tracking
error”into two components—one from stochastic noise and one from asynchrony—and
introduce conditions to control both.

We formalize these conditions as follows.

Assumption 2.5 (additional condition on noise term €,). There exists a deter-
ministic constant ps < 0 such that limsup,,_, . % < us a.s., where {0, } are the
k=0
random variables involved in Assumption 2.2(ii) for {e,}.

. . . . . _ 1 . 1
Consider two specific forms of step sizes: o, = 4 (class 1) and a,, = 57 (class

2), where A >0 is a scaling parameter (with a,, set to % if the denominator is zero).
For class-1 step sizes, we impose an additional condition on asynchony.

Assumption 2.6 (additional asynchrony condition). For class-1 step sizes, the
asynchronous update schedules are such that a.s. for all i € Z, v(n,i)/n — p; asn — oo
for some (sample path-dependent) p; € (0,1]. Moreover, there exists a deterministic
constant > 0 such that limsup,, . n|v(n,i)/n — pi‘ <00 a.s.

The following convergence theorem is our second main result in this section; its
proof is given in section 4. All conditions can be met in our RL applications (see
section 2.3). Let Ly, be the Lipschitz constant of h under || - ||cc—this norm is chosen
because, in our RL applications, an effective bound on Lj; under this norm can be
obtained with minimal or no model knowledge (see section 2.3).

THEOREM 2.3. Consider algorithm (2.1) with class-1 step sizes, where g > Ly, or
class-2 step sizes, where A > Ly. Let Assumptions 2.1-2.4, 2.5 with pus < —Ly hold,
and for class-1 step sizes, also assume Assumption 2.6 with yA > Ly,. For the ODE
x(t) = h(x(t)), suppose that the set E}, is globally asymptotically stable and that every
solution x(t) converges to a unique point in E as t — co. Then the sequence {xy}
from algorithm (2.1) converges a.s. to a point in Ej, that depends on the sample path.

We now make a few general remarks on the additional conditions and the proof
of Theorem 2.3, before discussing the average-reward RL application (section 2.3).

Remark 2.4 (on the proof). Following the general approach of Hirsch and Benaim,
most arguments in our proof of Theorem 2.3 also apply to analyzing shadowing prop-
erties of asynchronous SA algorithms in more general settings. In particular, much of
the analysis is independent of Fj, and its associated conditions—these are only used to
specialize the conclusions. Moreover, rather than relying on the specific forms of the
step sizes {a,}, the proof primarily depends on the quantity £({ca,}):=limsup,, .

4Any compact, connected subset of Ej is internally chain transitive by definition, so Corol-
lary 2.1(i) cannot be further improved based on Theorem 2.2(i).
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eri,(a”;k7 similar to Benaim’s analysis [3, 4] for synchronous SA. Class-1 and class-2
k=0
step sizes have ¢({ay, }) = —A and —o0, respectively, with their specific forms used only

to obtain explicit estimates of the tracking error due to asynchrony (see Lemma 4.5
in section 4.3).

Remark 2.5 (on the additional ODE conditions). Borkar and Soumyanath [13]
showed that if h(z) = F(z) — z with F : RY — R nonexpansive in the p-norm
(p € (1,+0o¢]) and with nonempty fixed-point set Ej, then the solution x(t) of &(t) =
h(z(t)) converges to a point in Fj with distance to Fj nonincreasing. It follows that
if h also satisfies the Borkar—Meyn stability criterion, the additional ODE conditions
in Theorem 2.3 hold. This identifies another class of problems where Theorem 2.3
applies, besides average-reward RL. In this setting, Theorem 2.3 sharpens the previous
result [9, Thm. 3.2] in the absence of communication delays.

Remark 2.6 (on the additional step size/asynchrony conditions).

(a) For class-2 step sizes, their rapid decrease eliminates the need for the addi-
tional asynchrony condition (Assumption 2.6), as Assumption 2.4 alone suf-
fices to control the tracking error from asynchrony (see the proof of
Lemma 4.5). In the synchronous case, the scaling parameter A for class-
2 step sizes can be chosen freely, provided that Assumption 2.5 holds with
s < —Lp. This is consistent with our asynchronous-case proof and aligns
with prior shadowing results [3, 4] for synchronous SA.

(b) For class-1 step sizes, one way to satisfy the additional asynchrony condi-
tion Assumption 2.6 is to select components for updating x,, in a way that
eventually follows an irreducible Markov chain on Z. The law of the iterated
logarithm then ensures that Assumption 2.6 holds for any 0 <y < %7 allowing
the required condition yA > Lj to be met by choosing the step size scaling
parameter A > 2L,,.

2.3. Applications to average-reward RL. This subsection briefly overviews
the average-reward RL applications studied in our companion paper [33] and recent
work [29]. There, E}, corresponds to a compact, connected subset of solutions to the
average-reward optimality equation for a weakly communicating® SMDP or MDP on
finite state and action spaces. A fundamental result in MDP theory [24] shows that
the full solution set is homeomorphic to an unbounded convex polyhedron, while E}
is homeomorphic to a compact section of this polyhedron—generally a nonsingleton
set (unlike in the unichain case).

We apply Corollary 2.1 and Theorem 2.3 to analyze RVI Q-learning, treating
several existing algorithms in [29] and developing a more general version in [33].
Corollary 2.1 is used to establish convergence to a compact, connected subset of
solutions to the optimality equation, while Theorem 2.3 is used to ensure convergence
to a unique, sample path-dependent solution (see [33, sections. 3.3 and 4]).

To apply these SA results, we prove that Assumptions 2.1 and 2.2 on the function
h and the noise, along with the ODE and Fj, conditions, hold based on the structure of
weakly communicating MDPs/SMDPs and the algorithmic design of RVI Q-learning.
(This part of the analysis builds on [1, 13] and is nontrivial, though it does not invoke
the SA results themselves—even though those results shaped the algorithmic design.)

Regarding the noise conditions: for SMDPs, the standard condition on the mar-
tingale difference terms {M,,} suffices when a lower bound on the expected holding

5].e., excluding states that are transient under all policies, the remaining states form a single
closed communicating class under some policy; see, e.g., [20, Chap. 8.3].
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times is known a priori; otherwise, the more general condition, Assumption 2.2(i)
is needed. As noted earlier, Assumption 2.2(ii) on the biased noise terms {e,} is
required because the function A depends on the expected holding times, which are
estimated from data with increasing accuracy by the RL algorithm. (See [33, Lem.
4.2] for exactly how Assumption 2.2 is used in our RL context.) For MDPs, which
are SMDPs with unit holding times, all €, =0, and the standard condition on {M,}
suffices.

The remaining assumptions required by our SA results can be satisfied through
appropriate choices of step sizes and asynchronous update schedules. In Remarks 2.3
and 2.6, we already addressed some of these in an application-independent way. Here,
we focus on the application-specific aspects. For RL in average-reward SMDPs, since
the biased noise terms {¢,} arise from estimated expected holding times, the addi-
tional noise condition Assumption 2.5 with pus < —Lj; can be translated into algo-
rithmic requirements on the estimation procedure and ensured accordingly (see [33,
Thm. 3.2 and Lem. 4.8, used in its proof]). In the special case of MDPs, where all
€, =0, Assumption 2.5 holds automatically with ps = —o0o. An effective upper bound
on Ly, can be obtained with minimal model knowledge—specifically, a lower bound on
the minimum expected holding time—and used in place of the exact value of Lj when
setting the threshold for the step size scaling parameter A (see [33, Thm. 3.2 and its
proof]). In summary, all conditions of the preceding SA results can be satisfied in our
RL setting through suitable algorithmic choices, with minimal or no model knowledge
(see [33] for details).

3. Proofs for section 2. This section provides the proofs of all results in sec-
tion 2, except for Theorem 2.3, whose proof appears in ection 4. Specifically, we
establish the basic stability and convergence theorems—Theorems 2.1, 2.2, and Corol-
lary 2.1—for the asynchronous SA algorithm (2.1). Assumptions 2.1-2.4 remain in
effect throughout. To avoid repetition, we draw heavily from Borkar [9, 11], focusing
on elements essential to the asynchronous algorithm. In this section, we use || - | to
denote the Euclidean norm | - ||, consistent with [11]; norm equivalence allows us to
use the stated conditions without modification.

We use an ODE-based approach from [9], working with linearly interpolated tra-
jectories formed from the iterates {x,} and connecting these to solutions of nonau-
tonomous ODEs of the form @(t) = A(t)g(z(t)), where A(t) arises from asynchrony.
Depending on the context, g may be h, h., etc. We construct these trajectories dif-
ferently for the stability and convergence analyses, leading to different A(-) functions.
In section. 3.1, we first define and analyze these time-dependent components A(+) and
their asymptotic properties, which are crucial for the subsequent proofs (sections. 3.2—
3.3).

3.1. Preliminary analysis. For the stability proof, we use the deterministic
step size sequence {«a;, } as the elapsed times between consecutive iterates to define a
continuous trajectory Z(-). Once stability is established, we switch to a random step
size sequence in the convergence analysis, both for technical convenience and sharper
results. Using random step sizes in the stability analysis seems nonviable under our
noise conditions.

Specifically, for the stability proof, we define a linearly interpolated trajectory
Z(t) as follows: Let ¢(0):=0 and t(n) ::ZZ;S ay, for n > 1. Let

(3.1) Z(t) =, + tt(")( )(wn+1—:cn), teft(n),t(n+1)], n>0.

t(n+1)—t(n
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To define A(+), we first rewrite algorithm (2.1) explicitly in terms of {ay,} as
(32) xn+1(z):xn(z)+anb(n,z) (h (I’n)+Mn+1( )+€n+1( )), ZGI,

where b(n,i):="4"21{; € V,,}. We show that b(n,i) is eventually bounded by a
deterministic constant, which we then use to define A(+) and its space T:

LEMMA 3.1. For some deterministic constant C > 1, it holds a.s. that for all
sufficiently large (sample path-dependent) n, max;ez b(n,i) <C and ), 7 b(n,i) > 1.

Proof. As discussed in [9, p. 842], Assumption 2.3(ii), together with {c,,} being
. . . . . . O‘[yn]
eventually nonincreasing (Assumption 2.3(i)), implies that sup,, sup,c(, 1] < 00

o
for z € (0,1). By Assumption 2.4(i), for n sufficiently large, min;cz V(n i)/n>A/2
a.s. Thus, for the finite deterministic constant C':=sup,, sup,cia 2,1 Zml > 1) we

Qp

have max;ez b(n,i) < max;er “4™2 < C for n sufficiently large, a.s. Since {a,} is

eventually nonincreasing and the sets Y, # @, Assumption 2.4(i) also implies that for
Xy (n,i

n sufficiently large, >, 7 b(n,i) =37,y Cin L >1 a.s. 0

Let C be the constant given in Lemma 3.1. Let T comprise all Borel-measurable
functions that map ¢t > 0 to a d x d diagonal matrix with nonnegative diagonal entries
bounded by C. Two such functions are regarded as the same element if they are equal
almost everywhere (a.e.) w.r.t. the Lebesgue measure. Similarly to [9], we equip T
with the coarsest topology that makes the mappings ¢ ¢ : N € T +— fg N (s)f(s)ds
continuous for all t+ > 0 and f € La([0,t];R?) (the space of all Re-valued square-
integrable functions on [0,¢]). With this topology, Y is compact and metrizable by
the Banach—Alaoglu theorem and the separability of the Hilbert spaces L ([0,]; R%),
t > 0 (see [11, Chaps. 6.2, A.2]). We regard T as a compact metric space with a
compatible metric. Note that any sequence in Y contains a convergent subsequence.

We now define A\(t) as a diagonal matrix-valued, piecewise constant function by

(3.3)
A(t):=diag(b(n,1)AC, b(n,2)AC, ..., b(n,d)AC), tE[t(n),t(n+1)), n>0.

For t >0, A(t+-) on [0,00) is an element of T. Let I denote the identity matrix. The
next lemma characterizes the limit points of A(t+ ) as t — co. Its proof (given in our
arXiv preprint [32]) is similar to that of [9, 10, Thm. 3.2], invoking Assumption 2.4(ii)
specifically to apply L’Hopital’s rule and using Lemma 3.1 to lower bound the limiting
functions.

LEMMA 3.2. A.s., for any sequence t, > 0 with t, T oo, all limit points of the
sequence {\(ty, + ) }n>0 in T have the form A*(t) = p(t)I, where p(-) is a real-valued
Borel-measurable function satisfying % <p(t)<C for all t>0.

As mentioned, our convergence proof uses a different setup. Specifically, we work
with the trajectory Z(¢) defined by (2.2), which places the iterate x,, at the temporal
. g n—1 ~ . . ~
coordinate t(n) = Y, _, &y, using aggregated random step sizes G = Dy, Qu(k,i)-
As we show below, this interpolation scheme leads to a simpler limiting behavior of
the associated function A(-), denoted by A(-) in this context.
Let us write algorithm (2.1) equivalently in terms of {&,,} as

(3.4) Trp1 (1) = 2 (1) + G (10,7) (i (20) + Mys1 (i) + ens1(i)), i €7,

where b(n, 1) :%l{z €Y,} and thus 3, ;b(n,i) = 1. Define A() as a diagonal

matrix-valued, piecewise constant trajectory by

(3.5) A(t):=diag(b(n,1), b(n,2), ..., b(n,d)),  t€[i(n),{(n+1)), n>0.
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We view 5\() as an element in the space T which comprises all Borel-measurable
functions that map ¢t > 0 to a d x d diagonal matrix with nonnegative diagonal entries
summing to 1. Regarded as a subset of T with the relative topology, Tisa compact
metric space. ~

Let us show that as t — co, A(t + -) has a unique limit point in T, given by the
constant function A(-) = %I . Our proof actually shows more: it also establishes the
equivalence of two conditions on asynchrony used in the literature, [1, Assum. 2.4]
and the condition introduced earlier in [9, 10].

Define N (n,z):=min {m>n:350 D ievy Qukii) > z} for z > 0.

LEMMA 3.3. Given Assumptions 2.3 and 2.4(1), Assumption 2.4(ii) is
equivalent to

ZV(N n,x),t)

(36) for each x >0, lim %
noreo g V(N (n,2),5)

k=v(n,j) Qg

=1 as. Vi, jeT.

Proof. First, assume Assumption 2.4(ii). Consider a sample path for which As-

sumption 2.4 and Lemma 3.2 hold. Fix z > 0 By the definition of N(n,z) and

Assumption 2.4(1), Y ;c7 >0, JXEZ f) D o ~ Z (n.) > iy, Qwk.i) "% 2, where we

define “~” to denote equality up to an o(1) term. Thus, (3.6) is equivalent to

lim,, s ZZ(]\;(Z f)) 9 ap = 5 Vi € Z. To prove this, it suffices to show that for any

increasing sequence {ng},>1 of natural numbers, there is a subsequence {n}}¢>1 along

which Z:(}LEZ%T))Z) ay 250 % VieI. To this end, with t,,, :=%(n,), consider a conver-
=v(n),
gent subsequence of {A(t,, + ) }e>1 in T with limit point \*(-) = p(-)I (Lemma 3.2).

Denote this convergent subsequence again by {A(tn, + -)}¢>1 to simplify notation.
Thus, A(t,, + ) — A* and we need to prove ZV(N new)d) o F290 ZViel.

k=v(ng,i)
Choose ¢ 6 (0,z). Since p(s) € [1/d,C] for all s > 0 by Lemma 3.2, the two
equations, [~ p(s)ds = 25¢ and [ p(s)ds = Z5< uniquely define two constants 7 > 0
and 7 > 0. Then, since )\( +) = A%, we have that for all ¢ € Z, as £ — oo,

//\m(tn[st)ds%%, //\ii(tnﬂLs)dsA
0 0

xr—+e€

By Lemma 3.1 and the definition of A [see (3.3)], this implies

v(N(ng,7),1) r—e V(N (ng,7),1) T4 e
3.7 c(1):= ap — , c(1):= ap — .
= d d
k=v(ng,i) k=v(ng,i)

N(ng,T . ne,T
Hence (nil'*) Dievy, Qw(ki) A DierC() — @ — € and Zk ) N) Dievi Qwik,i) =
> icz (i) — x + e From these relations and the definition of N(n,:lc)7 it follows
that for all £ sufﬁmently large, N(ng,7) < N(ng,x) < N(ng,7) and, consequently,
c(i) < EV(N net)t) o < (i) Vz € Z. This together with (3.7) and the arbitrariness

k=v(ng,i)
of € implies that ) ]Y/E:i ’f)) 4

the stated condition (3.6).

Conversely, to show that Assumption 2.4(ii) is implied by condition (3.6), we argue
similarly to the preceding proof but with the roles of N(n,-) and N(n,-) reversed.
Instead of Lemma 3.2, we use Lemma 3.4 (an implication of condition (3.6), presented
below), and we also use the compactness of the space Y. (See [32] for details.) d

% Vi € T, proving that Assumption 2.4(ii) entails
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From (3.6) and Assumptions 2.3, 2.4(i), Lemma 3.4 follows by [9, 10, proof of
Thm. 3.2].

LEMMA 3.4. Ast— 00, A(t+-) converges a.s. in T to \(-) = iI.

This lemma implies a unique limiting ODE associated with the interpolated tra-
jectory Z(-) in (2.2) (see section 3.3). As noted earlier, this uniqueness is not only
technically convenient for the convergence analysis but also facilitates further inves-
tigation of the shadowing properties of the asynchronous SA algorithm (2.1) (see
section 4).

3.2. Stability proof. We now proceed to prove Theorem 2.1.

3.2.1. Relating scaled iterates to ODE solutions. Consider algorithm (2.1)
in its equivalent form (3.2) and the continuous trajectory Z(¢) defined in (3.1). Fol-
lowing [12] and [11, Chap. 4.2], we work with a scaled trajectory Z(-) derived from
Z(+) as follows: divide the time axis into intervals of about length T, and on each
interval, scale Z(-) so that the value at the start lies within the unit ball.

Specifically, let T' > 0; we will choose a specific value for T later in the proof.
Recall each iterate x,, is positioned at time t(m) = Z;n:_ol ay, with ¢(0) =0, as defined
previously. With m(0):=0 and T :=0, define recursively, for n >0,

(3.8) m(n+1):=min{m:t(m) >T,, + T}, Tny1:=t(m(n+1)).

This divides [0,00) into intervals [T}, Tn41), n > 0, with Tp,41 — T, = T as n — oo.
To simplify expressions, we assume sup,, &, <1 in this proof, so that each interval is
at most 7'+ 1 in length. We then define a piecewise linear function Z(-) by scaling
z(t) as follows: for each n >0, with r(n):= ||z, | V 1,

(3.9) 2(t):=z(t)/r(n) forte Ly, Thi1)-

As 2(-) can have “jumps” at times 77,75,..., to analyze the behavior of #(t) on
the semiclosed interval [T;,, T, +1), we introduce, for notational convenience, a “copy”
denoted by ™ (t) defined on the closed interval [T, Ty, 11]:

(810)  @"(t)=2(t) for t€[Tn,Tupr),  #"(Tapa) =0(Typ) = lm (1)
n+1

Let 2™ : [Ty, Tyi1] — R? be the unique solution of the ODE defined by the scaled
function h,(,) and the trajectory A(-) given in (3.3), with initial condition Z(T},):

(3.11)  &(t) = At)hpiny (x(t)), t € [Tn, Tng1] with 2™(T5,) = 2(Tn) = Tp(ny /7(n).

We aim to show that as n — oo, 2"(+) “tracks” the ODE solution z"(-).

A key intermediate result is proving sup, ||Z(t)|| < co. For synchronous SA (under
stronger noise conditions than ours), this is shown in [11, Chap. 4.2] in several steps,
starting with sup, E[||2(¢)]|?] < oo, proved through the bound in [11, Lem. 4.3] that
for some constants K1, Ky independent of n,

(3.12) IE[Hai""(t(k:—s—l))HQ]%gekl(T+1)(1+I_(2(T+l)), m(n) <k <m(n+1).

In the asynchronous case here, we will take a similar approach. However, (3.12)
need not hold for {Z"(-)} in our case. By (3.2) and the definition of &(-), we have
that for k with m(n) <k <m(n+1),

(3.13) @™ (t(k+1)) =" (t(k)) + ax Aphy(ny (2" ((K))) + arAp Myt1 + arAyéri,
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where Mpy1:=Myy1/7(n), éxp1:=€rs1/7(n), and
Ay :=diag(b(k, 1),b(k,2), .., b(k, d)).
Since r(n) > 1 and 2" (t(k)) =z /r(n), by Assumption 2.2, a.s.,

(3.14)  E[||My41]l] <00, E[Mys1 | Fa]=0, E[|Mys|? | Fi] < Ki(1+[|2" (t(k)]?),
(3.15) 1€k+1ll < Or4a (1 + (12" (E(R))I)-

While the scalars { K }x>o0 in (3.14) and the entries of the diagonal matrices {Ag }x>0
are bounded a.s. by Assumption 2.2(i) and Lemma 3.1, respectively, they need not
be bounded by a deterministic constant. While dx+1 — 0 a.s. by Assumption 2.2(ii),
there is no requirement on the conditional variance of d;41. These factors prevent us
from directly applying the arguments of [11, Chap. 4.2], which rely on the relation
(3.12), to prove the desired boundedness of the scaled trajectory Z(-).

To work around this issue, we now use stopping techniques to construct “better-
behaved” auxiliary processes £"(t) on [T}, Ty+1] for n > 0. Later we will relate them
to 2"(+) to establish sup, ||Z(¢)| < cc.

Let C' be the constant given by Lemma 3.1, and fix a > 0. The following construc-
tion applies to each positive integer N > 1. For notational simplicity, however, we
will temporarily suppress the indication of this dependence on N in the constructed
processes Z"(-), n > 0, until we relate them to the original processes 2" (-).

Let N > 1. For n >0, define k,, :=ky 1 A kp_ 2, where

(3.16) Ky 1 :=min {k | Kp > N or mabe(k,i) >C;m(n) <k<m(n+ 1)},
1€
(3.17) kn2:=min{k|0x >a, m(n)+1<k<m(n+1)}

with k, 1:=o00 and k,g:=o00 if the sets in their respective defining equations are
empty. Then define 2" (-) on [T, T,+1] as follows. Let 2" (T,):=&(T,). For m(n) <
kE<m(n+1), let

(318) SNCn(t(k + 1)) = i’n(t(k)) + ak]\khr(n) (:i’n(t(k))) + OékMk—H + o €p+1,
where Ak = 1{k < kn}Ak, Mk—i—l ::AkMk—o—la and
(3.19) G =AUk +1<kpo}épir

Finally, on the interval (t(k),t(k + 1)), let Z"(¢) be the linear interpolation between
Z"(t(k)) and Z"(t(k+1)). As can be seen, in each time interval [T;,, Ty 11],
() =2"(t(kn)) if t>t(k,) (where t(c0):=00),

(3.20) () =a"(t) fort <t(kn) if kn="Fkn1 <knz,
(3.21) () =2"(t) for t <t(kn,—1) ifkp,=kno<kna.

By definition ky 1,kn 2, and k, are stopping times w.r.t. {fk}, so {k < ky} is
Fr-measurable and {k+1<ky,a}is Fryi-measurable. Hence Ay, is Fi-measurable,
whereas M1 and €41 are Fp41-measurable. As the entries of the diagonal matrices

Ak, m(n) <k <k,, are all bounded by C, the matrix norm of Ay = Uk < kp}Ax can
be bounded by a deterministic constant C"

(3.22) A <C  Ym(n) <k<m(n+1).

Moreover, by the construction of " in (3.18)—(3.19) and Assumption 2.2 (cf. (3.14)-
(3.15)), we have the following lemma.
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_LEMMA 3.5. For n >0 and all k with m(n) <k <m(n + 1), E[||Myi1]]] < oo,
E[My41|Fi] =0 a.s., and

23) E[| Mys1 ]| | Fi] < CPN (1 + [|2°(t(K))|*) a.s.,
(3.24) [Ers1ll < C(@n dpa) X+ 2" (E(R)) as.

Using (3.18), (3.22), and Lemma 3.5, we can derive a bound on E[||z"
(t(k+1))|2]2 analogous to the bound (3.12), similarly to [11, Lem. 4.3]. From this key
bound, we can then successively derive the four assertions in the lemma below by ap-
plying a convergence theorem for square-integrable martingales [19, Prop. VII-2-3(c)]
to ZZ:OI ar Mgy, and the arguments of [11, Chap. 4.2] to the auxiliary processes
{z"()}-

LEMMA 3.6. The following hold for {z"(-)}:
(i) sup,>08uPrer, 1,1 EIIE"(1)]|*] < oo.
(i) = ZZ“:_Ol My converges a.s. in R? as m — o0o.
)
)

4

(iii SUD,, >0 SUDye(T,,, T 4] |2 ()| < oo a.s.
(iv) limp 00 SUPLe(r, (k) AT, 4] 127 (E) =2 ()] =0 a.s.

Lemma 3.6 shows that the Z"(t)’s are bounded and asymptotically track the
ODE solutions z"(t) (see (3.11)), albeit over the subintervals [T}, t(k,) A Ty41] of
[T, Trt1]. We now use these auxiliary processes to establish the boundedness of the
original scaled trajectories #"(-) and their relationship to the ODE solutions z(-).

LEMMA 3.7. The following hold for {Z"(-)}:
(1) SUP>0 SUPte(T,, T, 11] ||57il(t)‘| <00 a.s.;
(i) Hmy—oo SUPyerr, 1,41 127 () — 2" (¢)[| =0 a.s.

Proof. For each N > 1, denote the auxiliary processes constructed above by Z%(+)
and their associated stopping times by ky,,, n > 0. By Lemma 3.6, a.s., for all V> 1,

(3.25) sup sup 2R ()] <oo,  lim sup |&% () — 2" (t)]| = 0.
n20t€[Ty, Trt1] O tE [T, t(kN,n) ATn1]

Consider the set ) of sample paths for which (3.25) holds for all N > 1, sup,, K, < o0,
and, for all sufficiently large n, §, < @ and max;czb(n,i) < C. This set ' has
probability 1 by Lemma 3.6, Assumption 2.2, and Lemma 3.1. For each sample path
w € Y, we have sup,, K,, < N(w) for some positive integer N(w) and k., = 0o for
all n sufficiently large; consequently, for all n sufficiently large, t(kn(w)n) A Thi1 =
T41 and 27 () coincides with &7y ) (-) by (3.20)—(3.21). Combining this with (3.25)
yields the conclusions stated in parts (i), (ii). |

3.2.2. Stability in scaling limits of corresponding ODEs and proof com-
pletion. The ODE solution z"(-) is determined by h,(,), A(T,, + -), and an initial
condition within the unit ball of R? (see (3.11)). If 7(n) becomes sufficiently large,
the initial condition lies on Sy :={z € R?|||z| =1}, and h,.(,,, approaches the function
hoo due to Assumption 2.1(ii). By Lemma 3.2, a.s., any limit point of {\(T}, + ) }n>0
in Y has the form A\*(t) = p(¢)I with % < p(t) < C for all ¢t > 0.

This leads us to consider an arbitrary function \* € Y of this form, the set of
which we denote by T*, and the associated limiting ODE is

(3.26) #(t) = N () hoo (2(1))  with 2(0) €S;.
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Below, we examine stability properties for such ODEs and their “nearby” ODEs, by
generalizing [11, Lem. 4.2, Cor. 4.1] from the synchronous context with a single
limiting ODE to the asynchronous context with multiple limiting ODEs.

For z € S; and \* € T*, let ¢ (t;x) denote the unique solution of (3.26) with
initial condition ¢} (0;x) =z. For ¢>1 and X € T, let ¢, (t;2) denote the unique
solution of &(t) = X (¢) he(x(t)) with ¢¢ n(0;2) = x. (Existence/uniqueness of these
ODE solutions follow from standard Carathéodory-type results [26].)

LEMMA 3.8. There exists T > 0 such that for all \* € T* and initial conditions
€Sy, [|oX (t;2)| < 1/8 for all t > T.

Proof. For \* = p(-)I € T*, ¢ (-;2) is related by time scaling to ¢2 (;x), the
solution of the ODE #(t) = hoo (z(t)) with initial condition ¢2,(0;x) = x; in particular,
ON (t;x) = ¢2 (7(t); ), where 7(t) = fot p(s)ds. Under Assumption 2.1, there exists
T° > 0 such that for all z €Sy, ||¢9,(t;2)]| <1/8 for all ¢ > T° [11, Lem. 4.1]. Since
p(t) > L, this means that for all t > T7d, ||¢) (t;2)| = [|¢% (T(¢); )| < 1/8. ad

The next three lemmas extend the stability property of the limiting ODEs (3.26),
as given in the preceding lemma, to nearby ODEs within a certain time horizon.

Let Ly be the Lipschitz modulus of h (Assumption 2.1(i)). Consider the set H
of all Lipschitz continuous functions h : R* — R? with a Lipschitz modulus no greater
than Lj, and ||k(0)|| < ||h(0)||. Endow H with the topology of uniform convergence
on compacts and a compatible metric, rendering H a compact metric space by the
Arzeld—Ascoli theorem. The next lemma extends a similar result [9, Lem. 3.1(b)],
which deals with a fixed function h rather than the set H, and can be proved using
similar arguments:

LEMMA 3.9. Consider the function V thal maps each (A h,x) €T x H xR? to
the unique solution of the ODE &(t) = A(t)h(z(t)) on [0,00) with initial condition
z(0)=z. Then ¥ is continuous from Y x H x R¢ into C([0,00);RY).

LEMMA 3.10. There exist T > 0, ¢ > 1, and a neighborhood D(Y*) of T* in T
such that for all N € D(Y*) and initial conditions x € Sy, |[¢e,n (t;2)|| < 1/4 for all
te[T,T+1] and c>¢.

Proof. Let T be the time T given by Lemma 3.8. As the function ¥ is continuous
on Y x HxR? (Lemma 3.9), it is uniformly continuous on the compact set Y x H x S;.
Consequently, there exist a neighborhood D(hs,) of hs in H and, for some sufficiently
small € >0, an e-neighborhood D(T*) of T* in T such that
(3.27)

sup  |U(N, B, 2)(t) = U( Ay, hoo, ) (t)| <1/8 Va €Sy, h' € D(hoo), X € D(T*),
te[0,T+1]
where A}, is any A* € T* within distance e of X'. Since h. € D(ho) for all ¢ suf-
ficiently large (Assumption 2.1(ii)), we obtain the desired conclusion by (3.27) and
Lemma 3.8. O

Below, let T >0 and ¢ > 1 be given by Lemma 3.10, and use T :=T+1/2 in defining
the sequence of times, T,,,n >0, for the scaled trajectory (-) and the solutions x™(-)
introduced previously in section 3.2.1 [see (3.8), (3.9), and (3.11)].

LEMMA 3.11. Almost surely, there exists a sample path-dependent integer n > 0
such that for all n > n, N, :=\NT, +-) € T satisfies that |[pc, (t;2)|| < 1/4 for all
te[T,T+1],c>¢, and z €S;.

Proof. Consider a sample path for which Lemma 3.2 holds. Let G be the set of
all limit points of {\(T), + )}n>0 in Y. Since G is a closed subset of the compact
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metric space T, G is compact. By Lemma 3.2, G C T* C D(T*), where D(Y*) is the
neighborhood of T* given by Lemma 3.10. Then, as A\(T}, + ) "9 @, it follows that
for some finite integer i, A}, = A(T}, + -) € D(Y*) for all n > 7. By Lemma 3.10, this
implies the desired conclusion. 0

Finally, noting that 2™(T,, + ) = ¢pn)x, (+;2(T5)) on [0,T,11 — Tp], we can
deduce from Lemmas 3.7 and 3.11 that the unscaled Z(-) has these properties a.s.:

(i) sup, [|Z(#)[| < oo if sup, [|2(T)]| < oo;

(ii) |Z(Thyr)|| <eK* if ||Z(T,)|| < €, where K*:=sup, ||Z(t)|| < oo (Lemma 3.7(1));

(iii) for all sufficiently large n, |Z(T,41)| < 2(|Z(T,)| if |2(T)| > &

These properties imply the a.s. boundedness of {z,}, as shown in the proof of
[11, Thm. 4.1]. (Details can be found in our preprint on arXiv [32].) This establishes
Theorem 2.1.

3.3. Convergence given stability. Given the a.s. boundedness of the iterates
{zn} (Theorem 2.1), we prove the convergence results (Theorem 2.2 and Corollary 2.1)
by analyzing the trajectory Z(-) defined instead by (2.2), where the ODE-time is
determined by the aggregated step sizes a,, = ZiEYn, Qy(n,iy for n >0, as recalled. For

A(+) defined by (3.5), we show similarly to [11, Lem. 2.1] that asymptotically, Z(:)
tracks the solutions of the nonautonomous ODE

(3.28) (1) = A(t)h(z(t)).

By Lemma 3.4, the limiting ODE is unique and autonomous:
(3.29) z(t) = =h(x(t)),

which allows us to apply [9, Lem. 3.1(b)] (cf. Lemma 3.9) to conclude Z(-) tracks
the solutions of the limiting ODE (3.29). We then obtain Theorem 2.2(i) by essen-
tially the same reasoning as in [11, Thm. 2.1] for synchronous SA. This analysis also
yields Theorem 2.2(ii) by standard arguments, and Corollary 2.1 follows directly from
Theorem 2.2. Proofs are omitted here but provided in our arXiv preprint [32].

4. Further convergence analysis via shadowing properties. In this sec-
tion, we prove Theorem 2.3, which establishes the convergence of the asynchronous
SA algorithm (2.1) to a unique equilibrium point in Ej. The proof is based on an
analysis of the shadowing properties of the trajectories of the algorithm (2.1), building
on prior work by Hirsch and Benaim.

To keep the notation concise, we will not repeat a.s. in every instance below.
When working with sample path properties, it should be understood that we are
considering a sample path on which all previously established a.s. properties (e.g.,
stability and convergence) hold, along with the a.s. conditions required by Theorem 2.3.
Any properties proven to hold a.s. in the analysis below will apply to this path from
the point they are established.

4.1. Main argument and proof structure for Theorem 2.3. For algorithm
(2.1), we consider the interpolated trajectory Z(t) defined by (2.2) and analyze its
behavior at discrete moments t = j € {0,1,...}. For each j > 0, let #7(-) and z7(-)
denote the unique solutions on the interval [j,j 4+ 1] of the ODEs (3.28) and (3.29),
respectively, with initial conditions 77 (j) = 27 (5) = Z(3).

Part (i) of the next proposition follows from Hirsch’s proof of his shadowing
theorem [17] (see also Benaim [3, sect. 5] and [4, sect. 8.2]) and is the key argument
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in the proof of Theorem 2.3. We include the proof of part (i) for completeness and
clarity, as we use the Lipschitz continuity of the mappings involved here in place of
the ‘expansion rates’ of smooth (C!) flows/semiflows considered in [3, 4, 17]. Recall
that Ly, is the Lipschitz constant of h w.r.t. ||+ |eo. (Below, we take || - || = - ||co-)

PROPOSITION 4.1. Iflimsup;_, . ; In(|z(j +1) —27(j +1)||) < —Ln/d, then
(i) there exists z. € R? such that, for some 0 € (0,e=t7/?) and a path-dependent
constant ¢, the inequality ||Z(j) — 2(j)|| < ¢d holds for all j > 0, where 2(-) is
the solution of the limiting ODE (3.29), @(t) = Lh(z(t)), with initial condition
2(0) = z4;
(i) the sequence {x,} from algorithm (2.1) converges to some point in Ej,.
Proof. For the limiting ODE (3.29), let F': RY — R? be the map that takes an
initial condition y(0) =y to the ODE solution at time 1. Then F~! maps an initial
condition y to the ODE solution at time —1 and by Gronwall’s inequality,

(4.1) IF~ y) = F ) < ey —y/|| Vy,y eR™

For j > 0, denote y; = Z(j). The condition of the proposition implies that for
some 3 > Ly, /d and sufficiently large 7, we have

. yj-l—l_ yj e j e j j_j
(42) | F(y))| <e? <etnild vj>

Choose ¢ € (0,1) with e ? < § < e_L’LA/d. Let Bj:=B(y;,07) denote the closed ball
centered at y; with radius 6. For j > j and z € B(y;4+1,6’ 1), by (4.1) and (4.2),

IE=(2) =yl = |F 7 (z) = FH(E(yy)]l < e/ )z = F(yy)]
< e (|12 = yjall + g — Flyp)l) < P/ 4@ e7),

which, in view of the choice of ¢, implies that ||F~!(z) — y;|| < &7 for all j sufficiently
large. Thus, there exists j > 7 such that F_l(BjH) C Bj for all j > j. Consequently,

(4.3) F~'(Bjy;) CF " (Bjy; ) C--CF Y(Bj,)CB;  Vi>0.

The intersection of these sets, N2 F~*(Bj,;), contains a single point z (since these
sets form a nested sequence of nonempty compact sets, with shrinking diameters as
implied by (4.1) and the choice of §).

From z € N7, F~*(Bj,;) we obtain a desired shadowing property:

(4.4) ||yj+z—F‘( )||<6J+l—>0 as i — oo.

Expressing (4.4) in terms of Z(-) and the solution z(¢) to the ODE (3.29) with initial
condition z(0) = F~7(Z) =: z,, we have that, for some (path-dependent) constant c,
|Z2(5) — 2(5)|| < c¢6? — 0 as j — oo, which proves part (i).

By the condition of Theorem 2.3 on the ODE (3.29), z(j) — z* for some z* €
E},. Thus, the preceding inequality gives Z(j) — z*. Then, by Corollary 2.1(ii), the
sequence {x,} must also converge to z*, proving part (ii). 0

Clearly, Theorem 2.3 follows immediately if we show that the condition in Propo-
sition 4.1 holds. To this end, decompose the tracking error of the trajectory z(-)
as

45 zG+1) =2 G+ DI <TG +1) =27 G+ DI+ 127 (G +1) =27 (5 + D],
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separating the first component, attributable to stochastic noise and representing the
error in tracking the solutions of the nonautonomous ODE (3.28), from the second
component, which represents the error due to asynchrony. In the next two subsec-
tions, we analyze each component separately and prove that, under the conditions of
Theorem 2.3,

1 .
(4.6) 1imsup;ln(||£(j+l)—i”(j+1)||) <—Ly/d,
Jj—oo
(4.7) hmsup‘7 In(||#7(j+1) —27(j+1)||) < —Ln/d.
j—oo

This will establish that the condition in Proposition 4.1 is met and hence Theorem 2.3
holds.

Define K(t):=max{n > 0 | #(n) < t}. Note that K(t) is a stopping time, since
t(n) = ZZ;Ol &y, (as defined before (2.2)) is F,,—1-measurable. Let

Kaljl:={k[K(G) <k <KG+ 1)}

Recall from Remark 2.4 the quantity ¢({c,}) = limsup,,_, Elr;(_a"gk associated
with the step size sequence {c,}. For the class-1 and class-2 step sizes defined in sec-
tion 2.2, we have £({a,}) = —A and —oo, respectively, where A is the step size scaling
parameter. Most proofs below rely only on the quantity £({c,}) and the nonincreas-
ing property of the step sizes, without assuming specific step size forms—except near
the end of the proof of (4.7) (in Lemma 4.5, section 4.3). We first prove (4.6).

4.2. Proof for (4.6). Recall the equivalent form (3.4) of algorithm (2.1) in
vector notation:

(48) Tpnt+1l =2Tp + dnj\n (h(mn) + Mn+1 + 6n—i—l) )

where A, is a d x d-diagonal matrix given by A, :=diag(b(n,1),b(n,2),...,b(n,d))
with dlagonal entries b(n,i) = “4=21{i € Y, } € [0,1]. (Note that 3°, &, = co and
>, a2 < oo a.s. by Assumptions bl 3( ) and 2.4(i).)

By (4.8) and the definitions of Z(-) and 7(-), we can bound ||Z(j+1) — 27 (5 +1)||
using similar derivations as in the proof of [11, Lemma 2.1], yielding that for all j >0,

(4.9) 1Z(j+1) =& G+ 1) <co Sllp[ ]ak+ch1( J) +caDa(3).
ke,

Here, the ¢;’s are constants that depend on the sample path but not on j, and

k k
(410) Dl(]): sup Z diAieiJrl , Dg(]): sup Z diAiMi+1 .
kel || . 25 keka 1 ] 20

Before proceeding to bound the three terms on the right-hand side (r.h.s.) of (4.9),
we derive some limiting properties of the step sizes that will be needed in our analysis.

LEMMA 4.1. The followmg hold a.S.:
(i) For alli' €, limj o0 5 z Ek o Qu(k, Z,)l{z €Yy} =lim;o ; 1 lef(]o o =1

(ii) hmsup]_)ooj In(ak(jy) < e({a”})
(iii) hmsup]_mo 7 In(} e a,,(,g(j)ﬁl)) <

Proof. Part (i) follows from Assumptions 2.3(iii), 2.4(i) and the definition of the
ODE-time j via the step sizes {a,}. Specifically, recall the constant A € (0,1]

< tden})
R
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from Assumption 2.4(i), and let A’ € (0,A). By Assumption 2.3(iii), as j — oo,

WK (7))
,C?J) 1 uniformly in y € [A’,1]. Combined with Assumption 2.4(i), this yields
k U
o al,sck(,;;)l{z €} 41 for all # € Z. Since myj oo |7 — Yier Z’}fgg o k,ind{i’ €
Qg
ln(()z)c(J))

Yk}’ () part (i) follows. By part (i), limsup;_, %ln(a,c(j)) = limsup;_, TSED
0

é({o‘"}) , proving part (ii).

By Asbumptlon 2.3(ii), we have that for some constant c, [AT’C()” <cforall 7 >0.
Since {ay,} is nonincreasing, we get from this inequality and Assumption 2.4(i) that
for all sufficiently large j, >, c7 Quc(h),ir) < D2irer A ark(y) < deayy. Part (iii) now
follows from part (ii). |

Bounding the first two terms on the r.h.s. of (4.9) is straightforward.

LEMMA 4.2. A.s., with us as given in Assumption 2.5,

1 L({a, . 1 .
(4.11) 1imsupfln< sup dk) < M, limsup - In (D1 (j)) < Hs
jooo ] kek1[4] d j—=oo ] d

Proof. Since supyeic, i) @k < D yer Qu(k(j).i) (due to {ai} being nonincreas-
ing), Lemma 4.1(iii) gives the first bound in (4.11). From Assumption 2.2(ii) on
{€er}, the a.s. boundedness of {x,} (Theorem 2.1), and the fact that ZK(EE i <
1 + 2dsup,, ay, it follows that Dy(j) < csupgex, ;j) Ok+1 for some (sample path—
dependent) constant ¢. Then, by Assumption 2.5 on {d; } and Lemma 4.1(i), we obtain

limsup,_, o, %ln (D1(j)) = limsup; ;2(:}[37&()])) < B2, proving the second bound in

(4.11). O
We now bound the third term Ds(j) in (4.9) similarly to Benaim [4, proofs of

Props. 4.2, 8.3], with additional effort to account for the random step sizes {&;} and
more general noise terms {M;} in our setting.

LEMMA 4.3. A.s., limsup;_, . +In(Ds(j)) < A,

Proof. For integers N > 1, define stopping times 7 and auxiliary variables Mi(N)7

ryi=min{i >0:|jz;| >N or K; >N}, M)

i+l .—1{7:<TN}M1'+1, 1>0,

where {K;} is the a.s. bounded random sequence in Assumption 2.2(i). By As-
sumption 2. 2() for each N, {M; (N }1>1 is a martingale-difference sequence satis-
fying sup, E[|| M, z+1 ||2 | Fi] < en for some constant cy dependmg on N. Since {z;}
is bounded a.s. by Theorem 2.1, a.s., {M;} coincides with {Ml )} for some sample
path-dependent value of N. Thus, to prove the lemma, it suffices to prove that a.s. for
each N,

k
(4.12) limsup In (Dg( ) < ({;é;}), where Dy(j):= sup Z A MH_1
jooo J kek1[4] =K ()

To this end, fix N and let T'=1+ dsup,, a,. For each n, define

Cok: —Zal 1{i(i) <i(n) + T} - MM for k>n with ¢, :=0.

i=n
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Then {(n % }k>n IS a square-integrable martingale w.r.t. {Fj}x>n, and

k
O LA

(4.13) hm E[SupHCn k3 ’ } =E
300 k:t(n)<t(k)<t(n)+T

.

by the monotone convergence theorem. For k > n, applying Doob’s and Burkholder’s
inequalities [16, Thms. 2.2, 2.10], we obtain that for some constant ¢y (independent
of the specific problem data),

(4.14)
E[sup Gk} ] Fo] < o Ziazl{t i)+ Ty A | 7
K<k
k—l
~ N F 5 (N
<col | a21{i(0) <i(n) + T} A3 - E[IMSY 13| 7] |
) k-1
< cocren B | S a2 1{i(i) <i(n) + T}‘ F
i=n
K(E(n)+T)
(4.15) <ceE Z a; | - sup a; | Fn| <c3 Zau(n,i’)'

i=n n<i<K(E(n)+T) i'eT

Here, ¢ is a deterministic bound on sup;~ | A:]|3. To derive (4.14), we also used the

bound SUPQOE[”Ml_ﬁ)HQ | Fi] <cen. In (4.15), c2 and c3 are deterministic constants
independent of n and k, specifically, co = cocreny and ¢z = co(T + dsup; «;). In the

last inequality in (4.15), we used the fact that Z (Em+T) i <T +dsup, a; and the
step sizes are nonincreasing.
Combining (4.13) and (4.15), we obtain
E sup H aih, Mffl)H | 1 <es Y iy Yn>0.
k: t(n)<t(k)<t(n)+T i'eT

Then by [19, Prop. 1I-1-3], the above inequality holds for any stopping time 7 (w.r.t.
{F.}), with 7 in place of n and with F. in place of F,,. Consequently, for the stopping
times K(j),j > 1, we obtain the bounds

k
(416) E sup H Z A Mz—i—l H ’./_'.,C(]) < C3 Z OZV(,C(]) i’) VJ > 1
kel 2k () =

where we have also used the fact that K1 [j] C {k: t(K(j)) < (k) <t(K(j)) + T}
Finally, to prove (4.12), consider any 8 > 0 with 5 + Z({ }) < 0. Since ||z]|oo <
lz||2, applying (4.16), Markov’s inequality, and Lemma 4. 1(111) we obtain

(417) ZPI‘ <D2 )>6 Bj ‘]:Kf( ) <cs Ze2ﬂ] (Z Ay (K(H), /)> < Q.

Jj=1 V€T
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By the extended Borel-Cantelli lemma [16, Cor. 2.3], this implies that, a.s., Do(j) <
e~ P for all sufficiently large ;.6 Letting 81 —% then proves (4.12). d

By (4.9)—(4.10) and Lemmas 4.2 and 4.3, inequality (4.6) holds a.s., namely,
1 .
limsup—In (|2(j +1) — & (j + 1)||) < —Ln/d a.s.,
Jj—o0

if max{w, ts} < —Lp. This condition becomes max{%, ust < —Ly, for class-1
step sizes and pus < —Lj for class-2 step sizes. Since these are the conditions required
in Theorem 2.3, it follows that (4.6) holds.

4.3. Proof for (4.7). We now proceed to establish (4.7). Since #7(-) and 27(")
are solutions of the ODEs (3.28) and (3.29), respectively, with #7(j) = 27 (j) = #(j),
we have that for ¢t € [,7 + 1],

ij(t)ij(t):/ S\(T)h(iﬂj(T))dT—/ éh(l’j(T))dT
:/ (X(T)—é])h(xj(T))quL/ S\(T)(h(:ij(r))—h(xj(r)))dT.

As the trajectory A(+) is bounded by definition (3.5) and h is Lipschitz continuous,
applying Gronwall’s inequality yields that for some constant ¢ independent of j,

/Os (X(j +7) — (111> h(z (j 4 7))dr

(418) (|7 +1) —a?(j+ D] <c sup
s€[0,1]

For each i € Z, let Ff (*) denote the distribution function of the measure with
density Ai;(j +-) on [0,1]; that is, F(s) = [ Aii(j + 7)dr, s €[0,1].

LEMMA 4.4. A.s., for some (sample path-dependent) constant c,

(4.19) 137 (j +1) —2/(j +1)|| < csup sup Fl-j(s)—f V>0

i€Z s€0,1]

Proof. First, observe that on [0, 1], the family of functions h(z7(j + -)) for 5 >0
is uniformly bounded and uniformly Lipschitz continuous with a common Lipschitz
constant that depends on the sample path. (This follows from the Lipschitz continuity
of h, the definition of the ODE solutions z7(-), and the boundedness of the iterates
{zn}.) Now, for a fixed 7 > 0 and for each ¢ € Z, consider the ith component of the
integral term in (4.18), ¥(s) ::fos(:\ii(j +7) = 2)gi(T)dr, where g;(7) :=h; (27 (j +7)).
By the integration by parts formula for the absolutely continuous functions g;(7) and

Fl(r) - 7, we have

(4.20) W(s) = gi(s) (Fg’(s) - 2) —/OS (Fg’(T) - g)g;(T)dﬂ se[0,1],

where the derivative g;(7) is defined a.e. and bounded by the Lipschitz constant of g;.
In view of the uniform boundedness and uniform Lipschitz continuity of the family

6Details: To apply the extended Borel-Cantelli lemma [16, Cor. 2.3], take an integer m >
1+ dsup,, an and consider separately each subsequence {D2(i + km)}p>o for ¢ = 1,...,m. Note
that Da(5) is FK(j+1)+1-measurable by definition, while K(j + 1) + 1 <K(j +m). Therefore, Da(j)
is Fic(j4m)-measurable. Consequently, for each ¢ < m, [16, Cor. 2.3] applies to the subsequence
{Da(i+ km)}i>0, and (4.17) implies Da(i 4 km) < e=Bltkm) for all sufficiently large k.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/15/20 10 129.1726.216.54 . Redistripbution subject to SIA M license or copyrignt; see nttps://epubs.slam.org/terms-privacy

1478 HUIZHEN YU, YI WAN, AND RICHARD S. SUTTON

of functions {h(x7(j + -))};>0 on [0,1], the expression (4.20) implies that for some
(path-dependent) constant ¢ independent of j, [¢(s)| < esup,¢(o ) | F} (7) — 5|. This,
together with inequality (4.18), leads to the desired bound (4.19) for all j. d

Lemma 3.4 implies that for each i € Z, as j — oo, the measure on [0,1] with
density A\;;(j + -) converges setwise to 5 times the Lebesgue measure. Therefore, the

r.h.s. of (4.19) converges to 0 as j — oo. The next lemma addresses the speed of this
convergence—sufficiently rapid convergence is needed for inequality (4.7) to hold.

LEMMA 4.5. A.s.,

1 ; 14
(4.21) limsup=In| sup |F/(s)— f‘ <- Viel,
j—oo s€[0,1] d d
where £ = —(y A 1)A for class-1 stepsizes (with v being the constant in Assump-

tion 2.6(1) ), and £ = —A for class-2 step sizes (where A is the step size scaling factor
in both cases).

Proof. By definition the distribution functions FZ] satisfy that for s € [0,1],
(4.22) F/(s) :/ Nilj+mydr, S Fl(s) / > NG +7)d
0 i€T s
(since ) ;o7 5\”() =1 by the definition of 5\(), see (3.5)). Hence, for each i € Z,
1

(428) F(s)— 5= Fl(s) — = S F(s) )= G s) = 33 (F(5) = ().
i€l i€L
where G7( f,c U+) g (y)dy with ga(y) = A for class-1 {a,} and g, (y) = m
for class- 2 {ozn} From (4 23) we obtain
(4.24) ‘Fg(s)—f’ <2sup |Fi(s) — G'(s)|, se[0,1].
d i€l
. j v(K(j+s v(K(j+s),t .
For large j, we have F}(s) ~ Zk( V(]g ) oy~ V((K((j])j:)) ”ga(y)dy. Specifically,

the difference in the second approximation 1s bounded by @,k (j),i)- The difference
in the first approximation, based on the first relation in (4.22) and the definitions of
the ODE-time and A(-) (see (3.5)), can be bounded by

v(K(j+s5),9)

Fl(s)— > | S + Wwkre .-
k=0 (K())

Since {a,} is nonincreasing, oy (k(j+s),i) < Qu(k(j),i) and, moreover, by Assump-
tions 2.3(ii) and 2.4(i), for sufficiently large j, a, (x(j),iy < cax;) for some constant c
independent of j. It then follows that for sufficiently large j, for all i € Z and s € [0, 1],

. ) v(K(j+s),7) K(G+s)
(4.25) ‘sz (s)— GJ(S)‘ <cagg) + / 9o (y)dy —/ 9a(y)dy |,
v(K(5),1) K(5)

e;i(4,8)

where c is a constant independent of j.
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To establish the desired inequality (4.21), we now bound the r.h.s. of (4.25)
separately for each class of step sizes considered.

Case 1: go(y) = = ;- We have e;(j,s) = < ln(%) - %ln(%) Under
Assumption 2.6, a dlrect calculation shows that for sufficiently large 7, |e;(j,s)| <
cK(j)~7 for some (path-dependent) constant ¢ independent of j and s. We also
have ay(;) = A}C( v and hmsupjﬁC>O In(ak()) < e({a"}) = =A by Lemma 4.1(ii).

Combining these relations with (4. 24) and (4.25) ylelds that

Fi(s) - Z‘) < Lﬁlm Vied,

. 1
limsup = In| sup
j—oo J s€[0,1]

proving inequality (4.21) with £ = —(y A l)A

In(v(K In(v(K(j),i
Case 2: ga(y) = 7try- Then ei(j,s) = & In(PEEE) — fin(RidsD %;;g”»
Expressing the two numerators as In(% K(iizg’l )+ In(K(j + s)) and ln(y(’CE]) ) +

In(KC(4)), respectively, and using Assumption 2.4(i), a direct calculation shows that
for sufficiently large j, we have |e;(J,s)| < i)y for some (path-dependent) constant

¢ independent of j and s. We also have lim;_, M(;C(j)) =1 by Lemma 4.1(i) and

the definition of step sizes in this case, while lim SUD;j 00 7 ln(a,c(j)) f({an}) —00
by Lemma 4.1(ii). Combining these relations with (4.24) and (4.25) ylelds that
. —Inln (K(y —A
hmsup In| sup Fg(s)—f‘ < lim Mz— VieZ,
j—oo J s€[0,1] d j—roo & lnln (IC(j)) d
establishing the desired inequality (4.21) with ¢ = —A. d

By Lemmas 4.4 and 4.5, we conclude that inequality (4.7) holds a.s., namely,

1 4 ,
limsup = In (||#7(j +1) —2/(j + 1)||) < —Ln/d a.s.,

j—o0

if (YA1)A > Lj, when class-1 step sizes are used and A > L;, when class-2 step sizes are
used. As these are the conditions required in Theorem 2.3, we obtain (4.7), thereby
completing the proof of Theorem 2.3.

5. Discussion. In this paper, we established the stability and convergence of a
class of asynchronous SA algorithms under more general noise conditions than pre-
viously considered. Our stability analysis extends a method of Borkar and Meyn,
resolving open questions about the stability of such algorithms in average-reward RL.
To sharpen the convergence analysis, we developed new characterizations of the shad-
owing properties of asynchronous SA by building on a dynamical systems approach
of Hirsch and Benaim. These results provide a theoretical foundation for the analy-
sis of an important class of RL algorithms based on RVI (see [29, 33] for related
developments).

Although our focus has been on partially asynchronous update schemes relevant
to average-reward RL, certain techniques—particularly the construction of auxiliary
scaled processes using stopping arguments—may prove useful for broader classes of
asynchronous schemes, including those discussed in [9], given suitable choices of the
function h. Future work may explore these possibilities, as well as potential extensions
to distributed computation frameworks with communication delays.
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