
Off-policy RL with FA and TD remains challenging;
there are multiple solution ideas, plus combinations

• Higher λ (less TD) 

• Better state rep’ns (less FA) 

• Recognizers (less off-policy) 

• LSTD (O(n2) methods) 

• Gradient TD, proximal gradient TD, and hybrids 

• Emphatic TD

Summary for off-policy



Goals for today

• Learn that policies can be optimized 
directly, without learning value functions,  
by policy-gradient methods

• Glimpse how one could learn real-valued 
(continuous) actions

• Glimpse how to handle hidden state



Policy-gradient methods
A new approach to control



Approaches to control
1. Previous approach: Action-value methods: 

• learn the value of each action; 

• pick the max (usually)

2. New approach: Policy-gradient methods: 

• learn the parameters of a stochastic policy

• update by gradient ascent in performance                      

• includes actor-critic methods, which learn both 
value and policy parameters



Actor-critic architecture

World



Why approximate policies 
rather than values?

• In many problems, the policy is simpler to  
approximate than the value function

• In many problems, the optimal policy is 
stochastic

• e.g., bluffing, POMDPs

• To enable smoother change in policies

• To avoid a search on every step (the max)

• To better relate to biology



Policy Approximation
• Policy = a function from state to action

• How does the agent select actions?

• In such a way that it can be affected by 
learning?

• In such a way as to assure exploration?

•  Approximation: there are too many states 
and/or actions to represent all policies

• To handle large/continuous action spaces



We first saw this in Chapter 2, with the  
Gradient-bandit algorithm

• Store action preferences 
rather than action-value estimates

• Instead of 𝜀-greedy, pick actions by an exponential soft-max:

• Also store the sample average of rewards as

• Then update:
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Figure 2.5: Average performance of UCB action selection on the 10-armed testbed. As
shown, UCB generally performs better that "-greedy action selection, except in the first k
plays, when it selects randomly among the as-yet-unplayed actions. UCB with c = 1 would
perform even better but would not show the prominent spike in performance on the 11th
play. Can you think of an explanation of this spike?

no known practical way of utilizing the idea of UCB action selection.

2.7 Gradient Bandits

So far in this chapter we have considered methods that estimate action values and
use those estimates to select actions. This is often a good approach, but it is not the
only one possible. In this section we consider learning a numerical preference Ht(a)
for each action a. The larger the preference, the more often that action is taken, but
the preference has no interpretation in terms of reward. Only the relative preference
of one action over another is important; if we add 1000 to all the preferences there is
no e↵ect on the action probabilities, which are determined according to a soft-max
distribution (i.e., Gibbs or Boltzmann distribution) as follows:

Pr{At =a} .
=

eHt(a)

Pk
b=1 eHt(b)

.
= ⇡t(a), (2.9)

where here we have also introduced a useful new notation ⇡t(a) for the probability of
taking action a at time t. Initially all preferences are the same (e.g., H1(a) = 0, 8a)
so that all actions have an equal probability of being selected.

There is a natural learning algorithm for this setting based on the idea of stochastic
gradient ascent. On each step, after selecting the action At and receiving the reward
Rt, the preferences are updated by:

Ht+1(At)
.
= Ht(At) + ↵

�
Rt � R̄t

��
1 � ⇡t(At)

�
, and

Ht+1(a)
.
= Ht(a) � ↵

�
Rt � R̄t

�
⇡t(a), 8a 6= At,

(2.10)

where ↵ > 0 is a step-size parameter, and R̄t 2 R is the average of all the rewards
up through and including time t, which can be computed incrementally as described

38 CHAPTER 2. MULTI-ARM BANDITS

�-greedy  � = 0.1

UCB  c = 2

Average
reward

Steps

Figure 2.5: Average performance of UCB action selection on the 10-armed testbed. As
shown, UCB generally performs better that "-greedy action selection, except in the first k
plays, when it selects randomly among the as-yet-unplayed actions. UCB with c = 1 would
perform even better but would not show the prominent spike in performance on the 11th
play. Can you think of an explanation of this spike?

no known practical way of utilizing the idea of UCB action selection.

2.7 Gradient Bandits

So far in this chapter we have considered methods that estimate action values and
use those estimates to select actions. This is often a good approach, but it is not the
only one possible. In this section we consider learning a numerical preference Ht(a)
for each action a. The larger the preference, the more often that action is taken, but
the preference has no interpretation in terms of reward. Only the relative preference
of one action over another is important; if we add 1000 to all the preferences there is
no e↵ect on the action probabilities, which are determined according to a soft-max
distribution (i.e., Gibbs or Boltzmann distribution) as follows:

Pr{At =a} .
=

eHt(a)

Pk
b=1 eHt(b)

.
= ⇡t(a), (2.9)

where here we have also introduced a useful new notation ⇡t(a) for the probability of
taking action a at time t. Initially all preferences are the same (e.g., H1(a) = 0, 8a)
so that all actions have an equal probability of being selected.

There is a natural learning algorithm for this setting based on the idea of stochastic
gradient ascent. On each step, after selecting the action At and receiving the reward
Rt, the preferences are updated by:

Ht+1(At)
.
= Ht(At) + ↵

�
Rt � R̄t

��
1 � ⇡t(At)

�
, and

Ht+1(a)
.
= Ht(a) � ↵

�
Rt � R̄t

�
⇡t(a), 8a 6= At,

(2.10)

where ↵ > 0 is a step-size parameter, and R̄t 2 R is the average of all the rewards
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The calculations showing this require only beginning calculus, but take several
steps. If you are mathematically inclined, then you will enjoy the rest of this section
in which we go through these steps. (And if you are not, then you may skip the rest
of this section without preventing understanding of the rest of this book.) First we
take a closer look at the exact performance gradient:

@E[Rt]

@Ht(a)
=

@

@Ht(a)

"
X

b

⇡t(b)q⇤(b)

#

=
X

b

q⇤(b)
@⇡t(b)

@Ht(a)

=
X

b

�
q⇤(b) � Xt

� @⇡t(b)

@Ht(a)
,

where Xt can be any scalar that does not depend on b. We can include it here because
the gradient sums to zero over all the actions,

P
b

@⇡t(b)
@Ht(a) = 0. As Ht(a) is changed,

some actions’ probabilities go up and some down, but the sum of the changes must
be zero because the sum of the probabilities must remain one.

@E[Rt]

@Ht(a)
=

X

b

⇡t(b)
�
q⇤(b) � Xt

� @⇡t(b)

@Ht(a)
/⇡t(b)

The equation is now in the form of an expectation, summing over all possible values
b of the random variable At, then multiplying by the probability of taking those
values. Thus:

@E[Rt]

@Ht(a)
= E

�
q⇤(At) � Xt

�@⇡t(At)

@Ht(a)
/⇡t(At)

�

= E
�

Rt � R̄t

�@⇡t(At)

@Ht(a)
/⇡t(At)

�
,

where here we have chosen Xt = R̄t and substituted Rt for q⇤(At), which is permitted
because E[Rt] = q⇤(At) and because all the other factors are non-random. Shortly

we will establish that @⇡t(b)
@Ht(a) = ⇡t(b)

�
1a=b � ⇡t(a)

�
, where 1a=b is defined to be 1 if

a = b, else 0. Assuming that for now, we have

@E[Rt]

@Ht(a)
= E

⇥�
Rt � R̄t

�
⇡t(At)

�
1a=At � ⇡t(a)

�
/⇡t(At)
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�⇤
.

Recall that our plan has been to write the performance gradient as an expectation of
something that we can sample on each step, as we have just done, and then update
on each step proportional to the sample. Substituting a sample of the expectation
above for the performance gradient in (2.11) yields:

Ht+1(a) = Ht(a) + ↵
�
Rt � R̄t

��
1a=At � ⇡t(a)

�
, 8a,
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Exercise 2.4 The results shown in Figure 2.4 should be quite reliable because they
are averages over 2000 individual, randomly chosen 10-armed bandit tasks. Why,
then, are there oscillations and spikes in the early part of the curve for the optimistic
method? In other words, what might make this method perform particularly better
or worse, on average, on particular early steps?

2.6 Upper-Confidence-Bound Action Selection

Exploration is needed because the estimates of the action values are uncertain. The
greedy actions are those that look best at present, but some of the other actions
may actually be better. "-greedy action selection forces the non-greedy actions to
be tried, but indiscriminately, with no preference for those that are nearly greedy or
particularly uncertain. It would be better to select among the non-greedy actions
according to their potential for actually being optimal, taking into account both how
close their estimates are to being maximal and the uncertainties in those estimates.
One e↵ective way of doing this is to select actions as

At
.
= argmax

a

"
Qt(a) + c

s
log t

Nt(a)

#
, (2.8)

where log t denotes the natural logarithm of t (the number that e ⇡ 2.71828 would
have to be raised to in order to equal t), Nt(a) denotes the number of times that
action a has been selected prior to time t (the denominator in (2.1)), and the number
c > 0 controls the degree of exploration. If Nt(a) = 0, then a is considered to be a
maximizing action.

The idea of this upper confidence bound (UCB) action selection is that the square-
root term is a measure of the uncertainty or variance in the estimate of a’s value.
The quantity being max’ed over is thus a sort of upper bound on the possible true
value of action a, with the c parameter determining the confidence level. Each time
a is selected the uncertainty is presumably reduced; Nt(a) is incremented and, as it
appears in the denominator of the uncertainty term, the term is decreased. On the
other hand, each time an action other than a is selected t is increased; as it appears in
the numerator the uncertainty estimate is increased. The use of the natural logarithm
means that the increase gets smaller over time, but is unbounded; all actions will
eventually be selected, but as time goes by it will be a longer wait, and thus a lower
selection frequency, for actions with a lower value estimate or that have already been
selected more times.

Results with UCB on the 10-armed testbed are shown in Figure 2.5. UCB will
often perform well, as shown here, but is more di�cult than "-greedy to extend
beyond bandits to the more general reinforcement learning settings considered in the
rest of this book. One di�culty is in dealing with nonstationary problems; something
more complex than the methods presented in Section 2.4 would be needed. Another
di�culty is dealing with large state spaces, particularly function approximation as
developed in Part II of this book. In these more advanced settings there is currently
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Figure 2.5: Average performance of UCB action selection on the 10-armed testbed. As
shown, UCB generally performs better that "-greedy action selection, except in the first k
plays, when it selects randomly among the as-yet-unplayed actions. UCB with c = 1 would
perform even better but would not show the prominent spike in performance on the 11th
play. Can you think of an explanation of this spike?

no known practical way of utilizing the idea of UCB action selection.
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for each action a. The larger the preference, the more often that action is taken, but
the preference has no interpretation in terms of reward. Only the relative preference
of one action over another is important; if we add 1000 to all the preferences there is
no e↵ect on the action probabilities, which are determined according to a soft-max
distribution (i.e., Gibbs or Boltzmann distribution) as follows:
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where here we have also introduced a useful new notation ⇡t(a) for the probability of
taking action a at time t. Initially all preferences are the same (e.g., H1(a) = 0, 8a)
so that all actions have an equal probability of being selected.

There is a natural learning algorithm for this setting based on the idea of stochastic
gradient ascent. On each step, after selecting the action At and receiving the reward
Rt, the preferences are updated by:
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where ↵ > 0 is a step-size parameter, and R̄t 2 R is the average of all the rewards
up through and including time t, which can be computed incrementally as described
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eg, linear-exponential policies 
(discrete actions)

• The “preference” for action a in state s is linear 
in 𝜽 and a state-action feature vector 𝜙(s,a)

• The probability of action a in state s is 
exponential in its preference

• Corresponding eligibility function:

Final, complete policy-gradient algorithm:

Initialize parameters of policy ✓ 2 Rn, and state-value function w 2 Rm

Initialize eligibility traces e✓ 2 Rn and ew 2 Rm to 0

Initialize R̄ = 0
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eg, linear-gaussian policies 
(continuous actions)

action

action
prob.

density

𝜇 and 𝜎 linear 
in the state



eg, linear-gaussian policies 
(continuous actions)

• The mean and std. dev. for the action taken in 
state s are linear and linear-exponential in 

• The probability density function for the action 
taken in state s is gaussian
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Gaussian eligibility functions
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Policy-gradient setup
Given a policy parameterization:

⇡(a|s,✓)

Approximate stochastic gradient ascent:

(or average reward)

Typically, based on the Policy-Gradient Theorem:
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Finally, we note that the choice of policy parameterization is sometimes a good
way of injecting prior knowledge about the desired form of the policy into the rein-
forcement learning system.

13.2 The Policy Gradient Theorem

In addition to the practical advantages of policy parameterization discussed in the
previous section, there are also important theoretical advantages... Actually, I am
not quite sure how to do this transition. It will depend how I have introduce control
with function approximation in Chapter 10. There or here I will have to define the
performance measure ⌘. There are two definitions, one for the episodic case and one
for the continuing case. We try to present everything so that it applies to both cases
with the same notation and text.

However, we encourage the reader to think first about the episodic case, for which
we define the performance measure as the value of the start state of the episode. We
can simplify the notation without losing any meaningful generality by assuming that
every episode starts in some particular (non-random) state s0. Then, in the episodic
case we define performance as

⌘(✓) , v⇡✓(s0), (13.4)

where v⇡✓ is the true value function for ⇡✓, the policy determined by ✓.

Next we talk about how, with function approximation, it is challenging to change
the policy weights in a way that ensures improvement. The problem is that per-
formance depends both on the action selections and on the states in which those
selections are made, and both are a↵ected by the policy weights. Given a state, the
e↵ect of the policy weights on the actions, and thus on reward, can be computed
in a relatively straightforward way from knowledge of the policy parameterization.
But the e↵ect of the policy on the state distribution is completely a function of the
environment and is typically completely unknown. How can we estimate the perfor-
mance gradient with respect to the policy weights when the gradient depends on the
unknown e↵ect of changing the policy on the state distribution?

This brings us to the policy gradient theorem, which provides us an analytic ex-
pression for the gradient of performance with respect to the policy weights (which
is what we need to approximate for gradient ascent (13.1)) that does involve the
derivative of the state distribution. The policy gradient theorem is that

r⌘(✓) =
X

s

d⇡(s)
X

a

q⇡(s, a)r✓⇡(a|s, ✓), (13.5)

where the gradients in all cases are the column vectors of partial derivatives with
respect to the components of ✓, and ⇡ denotes the policy corresponding to weight
vector ✓. The notion of the distribution d⇡ here should be clear from what transpired
in Chapters 9 and 10. That is, in the episodic case, d⇡(s) is defined to be the expected
number of time steps t on which St = s in a randomly generated episode starting

And objective:

r✓⇡(a|s,✓)
⇡(a|s,✓) = r✓ log ⇡(a|s,✓)

Chapter 13

Policy Gradient Methods

In this chapter we consider something new. So far in this book almost all the methods
have learned the values of actions and then selected actions based on their estimated
action values1; their policies would not even exist without the action-value estimates.
In this chapter we consider methods that instead learn a parameterized policy that
can select actions without consulting a value function. A value function may still be
used to learn the policy weights, but is not required for action selection. We continue
to use the notation ✓ 2 Rn for the primary learned weight vector—but in this chapter
it is the policy weight vector. Thus we write ⇡(a|s, ✓)

.
= Pr{At =a | St =s, ✓t =✓}

for the probability that action a is taken at time t given that the agent is in state
s at time t with weight vector ✓. If a method uses a learned value function as well,
then the value function’s weight vector is denoted w to distinguish it from ✓, as in
v̂(s,w).

In this chapter we consider methods for learning the policy weights based on the
gradient of some performance measure ⌘(✓) with respect to the policy weights. These
methods seek to maximize performance, so their updates approximate gradient ascent
in ⌘:

✓t+1
.
= ✓t + ↵ \r⌘(✓t), (13.1)

where \r⌘(✓t) is a stochastic estimate whose expectation approximates the gradient
of the performance measure with respect to its argument ✓t. All methods that follow
this general schema we call policy gradient methods, whether or not they also learn
an approximate value function. Methods that learn approximations to both policy
and value functions are often called actor–critic methods, where ‘actor’ is a reference
to the learned policy, and ‘critic’ refers to the learned value function, usually a state-
value function. First we treat the episodic case, in which performance is defined as
the value of the start state under the parameterized policy, ⌘(✓)

.
= v⇡✓(S0), before

going on to consider the continuing case, in which performance is defined as the

1The lone exception is the gradient bandit algorithms of Section 2.8. In fact, that section goes
through many of the same steps, in the single-state bandit case, as we go through here for full MDPs.
Reviewing that section would be good preparation for fully understanding this chapter.
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in s0 and following ⇡ and the dynamics of the MDP. The policy gradient theorem is
proved for the episodic case in the box below.

Proof of the Policy Gradient Theorem (episodic case)

With just elementary calculus and re-arranging terms we can prove the policy
gradient theorem from first principles. To keep the notation simple, we leave
it implicit in all cases that ⇡ is a function of ✓, and all gradients are also
implicitly with respect to ✓. First note that the gradient of the state-value
function can be written in terms of the action-value function as
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#
, 8s 2 S (Exercise 3.11)
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after repeated unrolling, where Pr(s!x, k, ⇡) is the probability of transition-
ing from state s to state x in k steps under policy ⇡. It is then immediate
that
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Policy-Gradient

Theorem
(from the 2nd Edition)
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13.3 REINFORCE: Monte Carlo Policy Gradient

We are now ready for our first policy-gradient learning algorithm. Recall our overall
strategy of stochastic gradient ascent (13.1), for which we need a way of obtaining
samples whose expectation is equal to the performance gradient. The policy gradient
theorem (13.5) gives us an exact expression for this gradient; all we need is some way
of sampling whose expectation equals or approximates this expression. Notice that
the right-hand side is a sum over states weighted by how often the states occurs
under the target policy ⇡ weighted again by � times how many steps it takes to
get to those states; if we just follow ⇡ we will encounter states in these proportions,
which we can then weight by �t to preserve the expected value. Thus

r⌘(✓) =
X

s

d⇡(s)
X

a

q⇡(s, a)r✓⇡(a|s, ✓), (13.5)

= E⇡

"
�t

X

a

q⇡(St, a)r✓⇡(a|St, ✓)

#
.

This is good progress, and we would like to carry it further and handle the action
in the same way (replacing a with the sample action At). The remaining part of
the expectation above is a sum over actions; if only each term was weighted by the
probability of selecting the actions, that is, according to ⇡(a|St, ✓). So let us make it
that way, multiplying and dividing by this probability. Continuing from the previous
equation, this gives us

r⌘(✓) = E⇡

"
�t

X

a

⇡(a|St, ✓)q⇡(St, a)
r✓⇡(a|St, ✓)

⇡(a|St, ✓)

#

= E⇡


�tq⇡(St, At)

r✓⇡(At|St, ✓)

⇡(At|St, ✓)

�
(replacing a by the sample At ⇠ ⇡)

= E⇡


�tGt

r✓⇡(At|St, ✓)

⇡(At|St, ✓)

�
(because E⇡[Gt|St, At] = q⇡(St, At))

which is exactly what we want, a quantity that we can sample on each time step
whose expectation is equal to the gradient. Using this sample to instantiate our
generic stochastic gradient ascent algorithm (13.1), we obtain the update

✓t+1 , ✓t + ↵�tGt
r✓⇡(At|St, ✓)

⇡(At|St, ✓)
. (13.6)

We call this algorithm REINFORCE (after Williams, 1992). Its update has an
intuitive appeal. Each increment is proportional to the product of a return Gt and
a vector, the gradient of the probability of taking the action actually taken, divided
by the probability of taking that action. The vector is the direction in weight space
that most increases the probability of repeating the action At on future visits to
state St. The update increases the weight vector in this direction proportional to
the return, and inversely proportional to the action probability. The former makes
sense because it causes the weights to move most in the directions that favor actions
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action values1; their policies would not even exist without the action-value estimates.
In this chapter we consider methods that instead learn a parameterized policy that
can select actions without consulting a value function. A value function may still be
used to learn the policy weights, but is not required for action selection. We continue
to use the notation ✓ 2 Rn for the primary learned weight vector—but in this chapter
it is the policy weight vector. Thus we write ⇡(a|s, ✓) , Pr{At =a | St =s, ✓t =✓}
for the probability that action a is taken at time t given that the agent is in state
s at time t with weight vector ✓. If a method uses a learned value function as well,
then the value function’s weight vector is denoted w to distinguish it from ✓, as in
v̂(s,w).

In this chapter we consider methods for learning the policy weights based on the
gradient of some performance measure ⌘(✓) with respect to the policy weights. These
methods seek to maximize performance, so their updates approximate gradient ascent
in ⌘:

✓t+1 , ✓t + ↵ \r⌘(✓t), (13.1)

where \r⌘(✓t) is a stochastic estimate whose expectation approximates the gradient
of the performance measure with respect to its argument ✓t. All methods that follow
this general schema we call policy gradient methods, whether or not they also learn
an approximate value function. Methods that learn approximations to both policy
and value functions are often called actor–critic methods, where ‘actor’ is a reference
to the learned policy, and ‘critic’ refers to the learned value function, usually a state-
value function. First we treat the episodic case, in which performance is defined as
the value of the start state under the parameterized policy, ⌘(✓) = v⇡✓(s0), before
going on to consider the continuing case, in which performance is defined as the

1The lone exception is the gradient bandit algorithms of Section 2.8. In fact, that section goes
through many of the same steps, in the single-state bandit case, as we go through here for full MDPs.
Reviewing that section would be good preparation for fully understanding this chapter.
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13.4 REINFORCE with Baseline

The policy gradient theorem (13.5) can be generalized to include a comparison of
the action value to an arbitrary baseline b(s):

r⌘(✓) =
X

s

d⇡(s)
X

a

⇣
q⇡(s, a) � b(s)

⌘
r✓⇡(a|s, ✓). (13.8)

The baseline can be any function, even a random variable, as long as it does not vary
with a; the equation remains true, because the the subtracted quantity is zero:

X

a

b(s)r✓⇡(a|s, ✓) = b(s)r✓

X

a

⇡(a|s, ✓) = b(s)r✓1 = 0 8s 2 S.

However, after we convert the policy gradient theorem to an expectation and an
update rule, using the same steps as in the previous section, then the baseline can
have a significant e↵ect on the variance of the update rule.

The update rule that we end up with is a new version of REINFORCE that includes
a general baseline:

✓t+1 , ✓t + ↵
⇣
Gt � b(St)

⌘r✓⇡(At|St, ✓)

⇡(At|St, ✓)
. (13.9)

As the baseline could be uniformly zero, this update is a strict generalization of
REINFORCE. In general, the baseline leaves the expected value of the update un-
changed, but it can have a large e↵ect on its variance. For example, we saw in
Section 2.8 that an analogous baseline can significantly reduce the variance (and
thus speed the learning) of gradient bandit algorithms. In the bandit algorithms the
baseline was just a number (the average of the rewards seen so far), but for MDPs
the baseline should vary with state. In some states all actions have high values and
we need a high baseline to di↵erentiate the higher valued actions from the less highly
valued ones; in other states all actions will have low values and a low baseline is
appropriate.

One natural choice for the baseline is an estimate of the state value, v̂(St,w), where
w 2 Rm is a second learned weight vector learned by one of the methods presented
in previous chapters. Because REINFORCE is a Monte Carlo method for learning
the policy weights, ✓, it seems natural to also use a Monte Carlo method to learn
the state-value weights, w. A complete pseudocode algorithm for REINFORCE with
baseline is given in the box using such a learned state-value function as the baseline.

Here it would be nice to repeat experiments as in the previous section, or other
experiments, showing a nice improvement with the baseline.

Here it would also be nice to discuss the choice of the step-size parameters, ↵ and
�. The step size for values is relatively easy; we have rules of thumb. For action
values though it is much less clear. It depends on the range of variation of the
rewards, and on the policy parameterization.

Because

274 CHAPTER 13. POLICY GRADIENT METHODS

13.4 REINFORCE with Baseline

The policy gradient theorem (13.5) can be generalized to include a comparison of
the action value to an arbitrary baseline b(s):

r⌘(✓) =
X

s

d⇡(s)
X

a

⇣
q⇡(s, a) � b(s)

⌘
r✓⇡(a|s, ✓). (13.8)

The baseline can be any function, even a random variable, as long as it does not vary
with a; the equation remains true, because the the subtracted quantity is zero:

X

a

b(s)r✓⇡(a|s, ✓) = b(s)r✓

X

a

⇡(a|s, ✓) = b(s)r✓1 = 0 8s 2 S.

However, after we convert the policy gradient theorem to an expectation and an
update rule, using the same steps as in the previous section, then the baseline can
have a significant e↵ect on the variance of the update rule.

The update rule that we end up with is a new version of REINFORCE that includes
a general baseline:

✓t+1 , ✓t + ↵
⇣
Gt � b(St)

⌘r✓⇡(At|St, ✓)

⇡(At|St, ✓)
. (13.9)

As the baseline could be uniformly zero, this update is a strict generalization of
REINFORCE. In general, the baseline leaves the expected value of the update un-
changed, but it can have a large e↵ect on its variance. For example, we saw in
Section 2.8 that an analogous baseline can significantly reduce the variance (and
thus speed the learning) of gradient bandit algorithms. In the bandit algorithms the
baseline was just a number (the average of the rewards seen so far), but for MDPs
the baseline should vary with state. In some states all actions have high values and
we need a high baseline to di↵erentiate the higher valued actions from the less highly
valued ones; in other states all actions will have low values and a low baseline is
appropriate.

One natural choice for the baseline is an estimate of the state value, v̂(St,w), where
w 2 Rm is a second learned weight vector learned by one of the methods presented
in previous chapters. Because REINFORCE is a Monte Carlo method for learning
the policy weights, ✓, it seems natural to also use a Monte Carlo method to learn
the state-value weights, w. A complete pseudocode algorithm for REINFORCE with
baseline is given in the box using such a learned state-value function as the baseline.

Here it would be nice to repeat experiments as in the previous section, or other
experiments, showing a nice improvement with the baseline.

Here it would also be nice to discuss the choice of the step-size parameters, ↵ and
�. The step size for values is relatively easy; we have rules of thumb. For action
values though it is much less clear. It depends on the range of variation of the
rewards, and on the policy parameterization.

274 CHAPTER 13. POLICY GRADIENT METHODS

13.4 REINFORCE with Baseline

The policy gradient theorem (13.5) can be generalized to include a comparison of
the action value to an arbitrary baseline b(s):

r⌘(✓) =
X

s

d⇡(s)
X

a

⇣
q⇡(s, a) � b(s)

⌘
r✓⇡(a|s, ✓). (13.8)

The baseline can be any function, even a random variable, as long as it does not vary
with a; the equation remains true, because the the subtracted quantity is zero:

X

a

b(s)r✓⇡(a|s, ✓) = b(s)r✓

X

a

⇡(a|s, ✓) = b(s)r✓1 = 0 8s 2 S.

However, after we convert the policy gradient theorem to an expectation and an
update rule, using the same steps as in the previous section, then the baseline can
have a significant e↵ect on the variance of the update rule.

The update rule that we end up with is a new version of REINFORCE that includes
a general baseline:

✓t+1 , ✓t + ↵
⇣
Gt � b(St)

⌘r✓⇡(At|St, ✓)

⇡(At|St, ✓)
. (13.9)

As the baseline could be uniformly zero, this update is a strict generalization of
REINFORCE. In general, the baseline leaves the expected value of the update un-
changed, but it can have a large e↵ect on its variance. For example, we saw in
Section 2.8 that an analogous baseline can significantly reduce the variance (and
thus speed the learning) of gradient bandit algorithms. In the bandit algorithms the
baseline was just a number (the average of the rewards seen so far), but for MDPs
the baseline should vary with state. In some states all actions have high values and
we need a high baseline to di↵erentiate the higher valued actions from the less highly
valued ones; in other states all actions will have low values and a low baseline is
appropriate.

One natural choice for the baseline is an estimate of the state value, v̂(St,w), where
w 2 Rm is a second learned weight vector learned by one of the methods presented
in previous chapters. Because REINFORCE is a Monte Carlo method for learning
the policy weights, ✓, it seems natural to also use a Monte Carlo method to learn
the state-value weights, w. A complete pseudocode algorithm for REINFORCE with
baseline is given in the box using such a learned state-value function as the baseline.

Here it would be nice to repeat experiments as in the previous section, or other
experiments, showing a nice improvement with the baseline.

Here it would also be nice to discuss the choice of the step-size parameters, ↵ and
�. The step size for values is relatively easy; we have rules of thumb. For action
values though it is much less clear. It depends on the range of variation of the
rewards, and on the policy parameterization.

e.g., b(s) = v̂(s,w)

any function of state, not action

�t

^



Actor-critic architecture

World



Actor-Critic methods
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13.4 REINFORCE with Baseline

The policy gradient theorem (13.5) can be generalized to include a comparison of
the action value to an arbitrary baseline b(s):

r⌘(✓) =
X

s

d⇡(s)
X

a

⇣
q⇡(s, a) � b(s)

⌘
r✓⇡(a|s, ✓). (13.8)

The baseline can be any function, even a random variable, as long as it does not vary
with a; the equation remains true, because the the subtracted quantity is zero:

X

a

b(s)r✓⇡(a|s, ✓) = b(s)r✓

X

a

⇡(a|s, ✓) = b(s)r✓1 = 0 8s 2 S.

However, after we convert the policy gradient theorem to an expectation and an
update rule, using the same steps as in the previous section, then the baseline can
have a significant e↵ect on the variance of the update rule.

The update rule that we end up with is a new version of REINFORCE that includes
a general baseline:

✓t+1 , ✓t + ↵
⇣
Gt � b(St)

⌘r✓⇡(At|St, ✓)

⇡(At|St, ✓)
. (13.9)

As the baseline could be uniformly zero, this update is a strict generalization of
REINFORCE. In general, the baseline leaves the expected value of the update un-
changed, but it can have a large e↵ect on its variance. For example, we saw in
Section 2.8 that an analogous baseline can significantly reduce the variance (and
thus speed the learning) of gradient bandit algorithms. In the bandit algorithms the
baseline was just a number (the average of the rewards seen so far), but for MDPs
the baseline should vary with state. In some states all actions have high values and
we need a high baseline to di↵erentiate the higher valued actions from the less highly
valued ones; in other states all actions will have low values and a low baseline is
appropriate.

One natural choice for the baseline is an estimate of the state value, v̂(St,w), where
w 2 Rm is a second learned weight vector learned by one of the methods presented
in previous chapters. Because REINFORCE is a Monte Carlo method for learning
the policy weights, ✓, it seems natural to also use a Monte Carlo method to learn
the state-value weights, w. A complete pseudocode algorithm for REINFORCE with
baseline is given in the box using such a learned state-value function as the baseline.

Here it would be nice to repeat experiments as in the previous section, or other
experiments, showing a nice improvement with the baseline.

Here it would also be nice to discuss the choice of the step-size parameters, ↵ and
�. The step size for values is relatively easy; we have rules of thumb. For action
values though it is much less clear. It depends on the range of variation of the
rewards, and on the policy parameterization.

REINFORCE with baseline:

Actor-Critic method:
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One-step Actor-Critic (episodic)

Input: a di↵erentiable policy parameterization ⇡(a|s, ✓), 8a 2 A, s 2 S, ✓ 2 Rn

Input: a di↵erentiable state-value parameterization v̂(s,w), 8s 2 S,w 2 Rm

Parameters: step sizes ↵ > 0, � > 0

Initialize policy weights ✓ and state-value weights w
Repeat forever:

Initialize S (first state of episode)
I  1
While S is not terminal:

A ⇠ ⇡(·|S, ✓)
Take action A, observe S0, R
�  R + � v̂(S0,w)� v̂(S,w) (if S0 is terminal, then v̂(S0,w) , 0)
w w + ��rwv̂(S,w)
✓  ✓ + ↵I �r✓ log ⇡(A|S, ✓)
I  �I
S  S0

state-value function as the baseline) as follow:

✓t+1 , ✓t + ↵
⇣
G(1)

t � v̂(St,w)
⌘r✓⇡(At|St, ✓)

⇡(At|St, ✓)
(13.10)

= ✓t + ↵
⇣
Rt+1 + �v̂(St+1,w)� v̂(St,w)

⌘r✓⇡(At|St, ✓)

⇡(At|St, ✓)
. (13.11)

The natural state-value-function learning method to pair with this is semi-gradient
TD(0). Pseudocode for the complete algorithm is given in the box above. Note that
it is now a fully online, incremental algorithm, with states, actions, and rewards
processed as they occur and then never revisited.

The generalizations to the forward view of multi-step methods and then to a
�-return algorithm are straightforward. The one-step return in (13.10) is merely

replaced by G(n)
t and G�

t respectively. The backward views are also straightforward,
using separate eligibility traces for the actor and critic, each after the patterns in
Chapter 12. Pseudocode for the complete algorithm is given in the box on the next
page.

Now we should continue with some examples showing the advantages, either con-
tinuing the small ones in examples 1 and 2, doing some larger ones like mountain car
or blackjack, or ones from the literature such as the Degris et al. paper.

�t

^

�t

^

�t

^ ^

�R̄t



Complete PG algorithm

update eligibility trace for critic

form TD error from critic

update average reward estimate

update critic parameters

update eligibility trace for actor

update actor parameters

Final, complete policy-gradient algorithm:

Initialize parameters of policy ✓ 2 Rn, and state-value function w 2 Rm

Initialize eligibility traces e✓ 2 Rn and ew 2 Rm to 0

Initialize R̄ = 0

On each step, in state S:

Choose A according to ⇡(·|S,✓)
Take action A, observe S 0, R

�  R� R̄ + v̂(S 0,w)� v̂(S,w)

R̄ R̄ + ↵✓�

ew  �ew +rwv̂(S,w)

w w + ↵w �ew

e✓  �e✓ + r⇡(A|S,✓)
⇡(A|S,✓)

✓  ✓ + ↵✓ �e✓

iii



Steps to understanding 
Policy-gradient methods

• Policy approximations

• and their eligibility functions 

• Approximate stochastic gradient ascent

• The policy-gradient theorem and its proof

• Approximating the gradient (REINFORCE)

• REINFORCE with a baseline

• Actor-critic methods

⇡(a|s,✓)



The generality of the  
policy-gradient strategy

• Can be applied whenever we can compute the 
effect of parameter changes on the action 
probabilities, 

• E.g., has been applied to spiking neuron models

• There are many possibilities other than linear-
exponential and linear-gaussian

• e.g., mixture of random, argmax, and fixed-
width gaussian; learn the mixing weights, drift/
diffusion models

⇡(a|s,✓) .
= Pr{At = a | St = s}

r(⇡)
.
= lim

n!1

1

n

nX

t=1

E⇡[Rt] =
X

s

d⇡(s)
X

a

⇡(a|s)
X

s0,r

p(s0, r|s, a)r

d⇡
.
= lim

t!1
Pr{St = s}

ṽ⇡(s)
.
=

1X

k=1

E⇡[Rt+k � r(⇡) | St=s]

q̃⇡(s, a)
.
=

1X

k=1

E⇡[Rt+k � r(⇡) | St=s, At=a]

�✓t ⇡ ↵
@r(⇡)

@✓
.
= ↵rr(⇡)

rr(⇡) =
X

s

d⇡(s)
X

a

q̃⇡(s, a)r⇡(a|s,✓) (the policy-gradient theorem)

= E
⇣

q̃⇡(St, At)� v(St)
⌘r⇡(At|St,✓)

⇡(At|St,✓)

���� St ⇠ d⇡, At ⇠ ⇡(·|St,✓)

�

= E
⇣

G̃�
t � v̂(St,w)

⌘r⇡(At|St,✓)

⇡(At|St,✓)

���� St ⇠ d⇡, At:1 ⇠ ⇡

�

⇡
⇣
G̃�

t � v̂(St,w)
⌘r⇡(At|St,✓)

⇡(At|St,✓)
(by sampling under ⇡)

✓t+1
.
= ✓t + ↵

⇣
G̃�

t � v̂(St,w)
⌘r⇡(At|St,✓)

⇡(At|St,✓)

e.g., in the one-step linear case:

= ✓t + ↵
⇣
Rt+1 � R̄t +w>

t �t+1 �w>
t �t)

⌘r⇡(At|St,✓)

⇡(At|St,✓)
.
= ✓t + ↵�te(At, St)

i



Goals for today

• Learn that policies can be optimized 
directly, without learning value functions,  
by policy-gradient methods

• Glimpse how one could learn real-valued 
(continuous) actions

• Glimpse how to handle hidden state



Hidden State
What it is

What to do about it



What is hidden state?

• Sometimes the environment includes state 
variables that are not visible to the agent

• the agent sees only observations, not state

• e.g., the object in the box, or in other 
rooms, velocities, even real positions as 
distinct from sensor readings

• This makes the environment Non-Markov



• All real problems involve extensive hidden 
state

• The agent’s approximation to the hidden 
state of the environment will be imperfect 
and non-Markov

• But all of our methods rely on the Markov 
(state) property to some extent

• What to do?



Don’t
Panic



The usual over-reaction

• Introducing a whole new mathematical theory 

• like POMDPs (Partially Observable MDPs) 

• or HMMs (Hidden Markov Models)

• Relying on complete models of the hidden underlying 
environment and observation generators 

• even though these things are all hidden

• Thereby making both learning and planning 
intractably complex



There may be nothing 
you can do

• If the agent’s approximate state is very poor, 
then any policy based on it will be poor



Use your tools!
1. Function approximation

• Features can be anything; they can be an 
arbitrary summary of past observations

• Nothing in our theory relies on the 
features being Markov

∴ FA will work ok with non-Markov features



Use your tools!
2. Eligibility traces

• Monte Carlo methods are much less reliant on 
having a good state approximation

• because they don’t bootstrap

• Eligibility traces allow our learning methods to 
be fully or partly Monte Carlo

• and thus resistant to hidden state

Remember: the bound of approximation accuracy depends on λ
Remember: why do we ever bootstrap?



The long-term solution
• Don’t panic

• Use your tools

• Embrace approximation

• Develop a recurrent process for updating the 
agent’s approximate state

• Accept that it will be approximate, imperfect

• And that it will have to monitored, debugged, 
improved…forever approximate



Foreground-background architecture

R A

⇡ Q

r : S �! R

⇡ : A⇥ S �! [0, 1]

� : S �! [0, 1]

states St 2 S , actions At 2 A, pseudo-termination time T 2 IN

V ⇡,r,�(s) = E
h
r(S1) + · · ·+ r(ST ) | S0=s,A0:k⇠⇡, T ⇠�

i

↵ =
↵0

var[⇢t]

var[⇢t] =
X

a2A(s)

⇡(s, a)2 � µ(s, a)2

µ(s, a)

Random variables St, At, Rt+1, St+1, At+1, . . .

Linear value-function approximation:

V̂ ⇡,r,�(St) = ✓>
t �t, weights ✓ 2 Rn, features �t 2 Rn

Importance sampling ratio:

⇢t =
⇡(At|St)

µ(At|St)

Update, on each step:

�t = r(St+1) + �(St+1)✓
>
t �t+1 � ✓>

t �t

✓t+1 = ✓t + ↵⇢t
h
�t�t � �(w>

t �t)�t+1

i

wt+1 = wt + �
�
⇢t�t �w>

t �t

�
�t, w 2 Rn

1

World

Planner

ModelA, R

S

Planning is in 
the background

Interaction and 
learning are in 
the foreground



Foreground-background architecture 
with partial observability

R
A

⇡ Q

r : S �! R

⇡ : A⇥ S �! [0, 1]

� : S �! [0, 1]

states St 2 S , actions At 2 A, pseudo-termination time T 2 IN

V ⇡,r,�(s) = E
h
r(S1) + · · ·+ r(ST ) | S0=s,A0:k⇠⇡, T ⇠�

i

↵ =
↵0

var[⇢t]

var[⇢t] =
X

a2A(s)

⇡(s, a)2 � µ(s, a)2

µ(s, a)

Random variables St, At, Rt+1, St+1, At+1, . . .

Linear value-function approximation:

V̂ ⇡,r,�(St) = ✓>
t �t, weights ✓ 2 Rn, features �t 2 Rn

Importance sampling ratio:

⇢t =
⇡(At|St)

µ(At|St)

Update, on each step:

�t = r(St+1) + �(St+1)✓
>
t �t+1 � ✓>

t �t

✓t+1 = ✓t + ↵⇢t
h
�t�t � �(w>

t �t)�t+1

i

wt+1 = wt + �
�
⇢t�t �w>

t �t

�
�t, w 2 Rn

1

World

Planner

ModelA, R

O

u SA

Planning is in 
the background

Interaction and 
learning are in 
the foreground

State update 
is also in the 

foreground



Agent state and its update

R
A
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t �t, weights ✓ 2 Rn, features �t 2 Rn
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O

u SA

• Agent state is whatever the 
agent uses as state

• in policy, value fn, model...

• may differ from env state 
and information state

• State update:

• e.g., Bayes rule, k-order 
Markov (history), PSRs, 
predictions

⇡ Q

St+1 = u(St, At, Ot+1)
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Planning should be state-to-state
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• State update is in the foreground!

• Planner and model see only 
states, never observations

• We lost this with POMDPs; Why?

• Classical and MDP planning 
were always state-to-state

• Planning can always be state-to-
state in information state

• Function approximation makes 
planning in the info state a natural, 
flexible, and scalable approach
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Random variables St, At, Rt+1, St+1, At+1, . . .

Linear value-function approximation:

V̂ ⇡,r,�(St) = ✓>
t �t, weights ✓ 2 Rn, features �t 2 Rn

Importance sampling ratio:

⇢t =
⇡(At|St)

µ(At|St)

Update, on each step:
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Goals for today

• Learn that policies can be optimized 
directly, without learning value functions,  
by policy-gradient methods

• Glimpse how one could learn real-valued 
(continuous) actions

• Glimpse how to handle hidden state


