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Abstract

In this article, we summarize and extend recent results with the gradient-TD family of al-
gorithms for approximate policy evaluation in Markov decision processes. In recent years,
solution methods based on dynamic programming (DP) and temporal-difference learning
(TDL) have been applied to large state spaces using parametric value-function approxi-
mation. This approach has had groundbreaking application successes, such as Tesauro’s
world-champion backgammon program in 1992, but also important failures—examples of
divergence are known for both DP and TDL when extended to non-linear approximation
or to off-policy learning. We present gradient-descent versions of DP, TD()), and Sarsa(\),
called GDP, GTD(\), and GQ()) respectively, that solve these problems. All three algo-
rithms converge for nonlinear function approximators and require computation that is only
linear in the number of parameters. The two learning algorithms can work directly from
data without a model, simulator, access to the underlying system state, or full control of
the policy that generates the data (off-policy learning). We also show how the focus of
approximation during off-policy learning can be controlled in a flexible way without com-
promising the convergence guarantees. Unlike the residual-gradient algorithms developed
by Baird in the late 1990s (and more recently extended to Gaussian process reinforcement
learning and Kalman TDL) our algorithms converge to a solution of the projected Bellman
equation.

Keywords: Temporal-difference learning, Dynamic programming, Reinforcement learn-
ing, Value function approximation, Gradient descent, Off-policy, Eligibility traces, Bellman
error

1. Issues in value-function approximation

Markov decision processes (MDPs) are a widely used problem formulation in artificial in-
telligence and throughout engineering. A key idea underlying almost all efficient solution
strategies is the computation or estimation of a value function mapping states of the MDP
to expected longterm future reward or cost given a decision making policy. For MDPs with
large state spaces it is generally necessary to approximate the true value function. Solution
methods without approximation, based on dynamic programming (DP) and a tabular rep-
resentation of the value function, are well understood but suitable only for small problems
in which the table can be held in main computer memory. Larger state spaces, even contin-
uous ones, can be handled by DP with discretization, state aggregation, and interpolation,
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but again, as state dimensionality increases, these methods rapidly become computationally
infeasible or ineffective. This is the effect which gave rise to Bellman’s “curse of dimension-
ality.” Large state spaces and the need to effectively and efficiently approximate the value
function has long been recognized as an important problem in DP and artificial intelligence.
It has been approached in a great many ways by different researchers depending on practical
and strategic issues, as well as on their different goals and predilections.

The first strategic issue is whether to approximate the value function for a given policy,
termed policy evaluation, or to approximate the value function for an optimal policy which
is not initially known. We focus on policy evaluation, rather than policy optimization, be-
cause it is a simpler problem and yet still includes key open problems. Focusing on policy
evaluation allows us to lay aside a host of issues including maintaining sufficient exploration
and chattering near optimal policies (see Bertsekas 2012, Chapter 6, for an overview). In
policy evaluation there are longstanding open problems regarding robust convergence, in-
cluding with nonlinear function approximators and off-policy learning, as we detail and
partially solve in this paper. To see these hard problems clearly, it is best to address them
in the simplest possible setting in which they occur. Another reason for focusing on policy
evaluation is that many methods for policy optimization involve evaluation as an inter-
mediate, repeated step; solving policy evaluation better can be expected to lead to better
optimization methods. Finally, policy evaluation is an example of longterm prediction, a
problem which is of independent interest.

A second issue is whether to use the current value estimates in building improved es-
timates, as in DP and temporal-difference learning (TDL), or to build solely on the basis
of the outcomes of complete trajectories, as in “Monte Carlo” (Sutton & Barto 1998), or
“rollout” (Bertsekas 2012), methods. The former, which has been termed “bootstrapping”
(Sutton & Barto 1998) is more complex and interesting, and is computationally convenient.
In some applications bootstrapping is clearly superior, but in others it is inferior. The
theoretical issues are not clear, but intuitively bootstrapping helps to the extent that the
state is observable and the function approximator is able to make good value-function es-
timates. Without bootstrapping, the problem of policy evaluation reduces to conventional
supervised learning and needs little specialized treatment; the problems we address in this
paper do not arise. In some algorithms, an eligibility trace parameter A € [0, 1] provides
a computationally convenient way of moving smoothly between pure bootstrapping, when
A = 0, to no bootstrapping, when A = 1. In this paper we choose to embrace rather than
avoid the complexities of bootstrapping.

The next issue is that of the overall structure of the function approximator. We pursue
a general parametric approach in which the value function is represented by an arbitrary
smooth approximator of fixed size and structure with many variable parameters, or weights.
For example, the approximate value function might be a weighted linear combination of non-
linear features, or a neural network with many layers of neuron-like units and connection
weights. The parameters, or weights, are then changed to reshape the approximate value
function to better match the true value function. Parametric methods for value function
approximation in DP are almost as old as DP itself (e.g., see Bellman & Dreyfus 1959)
but became much more popular when DP was combined with sampling methods to pro-
duce reinforcement learning and TDL. A key event was Tesauro’s (1992, 1995) use of a
neural network approximator together with the TD()) algorithm (Sutton 1988) to produce



a computer program capable of playing backgammon at a world champion level. The game
of backgammon has over 10%° states, yet Tesauro’s program learned a good approximate
value function with less than 50,000 weights. The state was represented to the neural net-
work with a feature vector of 198 components; there does not seem to be any practical way
of approximating this value function with tabular, discretizing, or aggregation methods.
Since Tesauro’s work there have been many similar world-class successes using parametric
value-function approximation (e.g., in chess, othello, hearts, tetris, non-game applications?).
Non-parametric value-function approximation is also a popular research topic (...).

Finally, in this article, we restrict attention to methods whose computational complexity
scales linearly with the number of parameters in the function approximator, like TD(\),
rather than quadratically, like LSTD(A). This choice deserves some discussion. Least-
squares methods like LSTD have many attractive features, but their greater complexity
can make them infeasible for large applications. Least-squares methods are generally more
efficient in terms of data or iterations before reaching a given level of accuracy. They involve
no step-size parameters to be set (though they do have other initialization parameters that
may be equally annoying to set manually). On the other hand, it is more difficult to adapt
least-squares methods to nonstationary problems, which becomes an issue when moving
beyond policy evaluation to policy optimization. However, the biggest drawback to least-
squares methods is just the computational one and its consequences. If scaling is linear,
then parameters are cheap and one ends up with a lot of them; ten of thousands or millions
are used in typical applications such as those mentioned in the previous paragraph. If the
application is computation limited, and often it is, then the parameters are reduced to the
square root. Instead of 10,000 parameters, one gets 100. Instead of a million, one gets 1000.
Instead of being free with parameters, weighting many things just in case any of them is
important, one ends up choosing the parameters manually with great care to keep their
number down. In a typical case, the parameters are weights on nonlinear features of the
state space. Fewer parameters then means fewer features that can be taken into account in
the approximate value function. A least-squares method may find the best parameter values
faster, but in the long run may have a much worse approximated value function because it
can take into account so many fewer features of the state.

The tradeoffs between linear and quadratic complexity in bootstrapping methods such
as linear TD(A) and LSTD(\) closely parallels similar tradeoffs already seen in supervised
learning settings. The classical supervised-learning algorithm for incremental linear regres-
sion, known as the LMS (Least Mean Square) algorithm, or Widrow-Hoff rule, is of linear
complexity, and the corresponding quadratic complexity algorithm is the least squares (LS)
algorithm. LS is more data efficient, even optimal in a sense, but more complex; LMS is
often slower to learn but is robust, simpler to implement, and can handle many more param-
eters and features. In the academic literature, LS is much more popular, but in real-world
applications, LMS is more widely used, almost always being prefered over LS according
to those with long experience (Widrow, personal communication; Haykin, personal com-
munication). It is also telling that, when neural networks became popular for supervised
learning, beginning in the late 1980s and continuing through today, LMS was generalized
to backpropagation but quadratic-complexity generalizations have remained little used.

We have experimented with both linear- and quadratic-complexity algorithms for pre-
dicting future robot-sensor values in realtime. Making and updating predictions ten times



per second using thousands of features, with linear-complexity methods we were able to
predict almost ten thousand different sensory events, whereas with quadratic complexity
methods we could predict only one. It is clear to us that there are already cases where
computational costs are critical and the advantage of linear methods is decisive. As the
power of modern computers increases, we can expect to have more learned parameters and
the advantage to linear-complexity methods can be expected only to increase.

Having explained the choices underlying our approach, we can now outline our main
results, as summarized in the table in Figure The table has seven columns, two corre-
sponding to DP algorithms and five to TDL algorithms. The first column, for example,
corresponds to the classical algorithm TD(A) (and Sarsa(\), the analogous algorithm for
learning state—action values). The last two rows correspond to the new gradient-TD family
of algorithms presented in this article. The rows correspond to five issues or properties
that we would like the algorithms to have. First, as discussed just above, we would like the
algorithms to have linear computational complexity, and most do, with LSTD(\) being one
of the listed exceptions. Another row corresponds to whether the algorithm will work with
general nonlinear function approximators (subject to smoothness conditions, as described
below). We see that TD(\) is linear complexity, but is not guaranteed to converge with
nonlinear function approximation. In fact, counterexamples are known. We will show that
gradient-TD algorithms converge on any MDP, and in particular on these counterexamples.
TD()) is also not guaranteed to converge under off-policy training (third row). Again,
counterexamples are known, and we show that gradient-TD methods converge on them.
Note that according to four of the five properties listed here, TD(A) and approximate DP
have the same properties. (The only difference is that, of course, TD(A) is a model-free
method whereas DP is a model-based method.) Both are linear complexity per update
of the function approximator, and both fail with nonlinear approximators and off-policy
training. We discuss this in Section [4]

Note that the “Residual gradient” algorithm (Baird 1995, fifth column) does well on all
properties except “Converges to PBE=0". All the other algorithms compute or converge
to the same asymptotic solution, at which the projected Bellman error (PBE) is zero. The
Residual gradient algorithm is the only prior algorithm based on true gradient descent.
Gradient descent is a powerful strategy for creating robustly convergent algorithms. Resid-
ual gradient algorithms illustrate this strength, but unfortunately the objective function
they use does not have its minimum in the right place. Conventional temporal-difference
algorithms have a gradient aspect to them, but are known not to be the gradient of any
objective function (Barnard 1993). Our gradient-TD methods, on the other hand, are well
thought of as gradient-descent methods, converge robustly with both linear function approx-
imation and off-policy training, and converge to zero PBE. All these issues are discussed in
Section 77

So far we have emphasized that parameterized function approximation is a way of han-
dling large state spaces, but it is also a way of handling incompletely observed state. A
partially observed MDP (POMDP), in which only observations are available to the agent
and not state variables, can always be treated just as a regular MDP with function ap-
proximation. A general approach is to map the history of observations and actions to a
feature vector and then use a function approximator that takes the feature vector as input
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Figure 1: Issues with bootstrapping algorithms for approximate parametric policy evalua-
tion. There are many aspects of each symbol that deserve further remarks and
clarifications, which will go here.

rather than the state. A related issue is the difference between the planning case, in which
a model of the full MDP is available, and the learning case, in which only the data stream
is available. Most of what we have to say about function approximation applies to both
cases, but there are a few important exceptions, which we will note as they arise.

2. Markov decision processes with value-function approximation

We use the common formulation of a Markov decision process (MDP) as a five-tuple
(S, A, p,r,7v) as follows. A decision-making agent interacts with the MDP in discrete time
t=0,1,2,.... At each time, ¢, the agent finds itself in state S; € S and selects an action
A; € A. The MDP then changes state, to state Sy+1, with probability p(Siy1|St, Ar) (or
probability density if S is continuous) and emits a reward R; 1 € R according to some prob-
ability distribution with expected value r(s,a). The agent may select its actions according
to a stationary decision making policy 7 : S x A — [0, 1] where 7 (s, a) is the probability that
A; = a given that S; = s, for all £. The object is to maximize the «-discounted cumulative
reward received from each state. To get started, define a random variable Gy, the return at
time ¢, as:

Gy = Rir + YRipo + VP Ry + -+, (1)

where the dot above the equals sign indicates that this is a definition, and y € [0, 1) is known
as the discount-rate parameter. Define the state-value function v, : S — R for policy =, the
target for all the approximations we study in this article, as the expected return from each
state given that actions are taken according to =:

vr(s) = E[Gy | St = s, Apoo ~ 7], Vs e S. (2)



To solve the MDP is to find an optimal policy 7*, defined as a policy that maximizes the
value function from each state:

" = argmax v.(s), Vs e S, (3)
™
but in this article we do not address this problem directly, but instead focus on policy
evaluation, the computation or estimation of v, for a given policy 7. Policy evaluation is a
key subproblem underlying almost all efficient solution strategies for MDPs. In particular,
we seek an approximation to the state-value function,

vg(s) = vr(s), Vs e S, (4)

where 0 € R", with n < |S|, is the weight/parameter vector. The approximate value
function can have arbitrary form as long as it is everywhere differentiable with respect to
the weights. For example, it could be a cubic spline, or it could implemented by a multi-
layer neural network where 6 is the concatenation of all the connection weights. Henceforth
we refer to 6 exclusively as the weights, or weight vector, and reserve the word “parameter”
for things like the discount-rate parameter, v, and step-size parameters.

An important special case is that in which the approximate value function is linear in
the weights and in features of the state:

vg(s) =67 ¢(s), ()

where the ¢(s) € R", Vs € S, are feature vectors characterizing each state s, and z'y
denotes the inner product of two vectors x and y. The linear case is much better understood
and we will focus on it for the next four sections.

3. Objectives for linear value-function approximation

Although parametric function approximation has been used almost from the beginnings
of both DP and TDL (e.g., see Bellman & Dreyfus 1959, Samuel 1959, Sutton 1988), it
has proven difficult to obtain fully satisfactory algorithms and theory. Even for the linear
case the issues are not clear, and even the question of what kind of approximation we seek
remains without a single concensus answer. Given a linear form for vy , what is the
objective for 67 What is its best value? There are at least three important possible answers
to this question, as we discuss in the three subsections below.

First, let us define the general term “value function” as any function from the MDP’s
state space S to the real numbers. For now let us assume that the state space is discrete,
S ={1,2,...,|S|}, in which case a value function can be thought of as a real-valued vector
of |S| components. We can distinguish the large space of all possible value functions from
the smaller subspace of value functions that can be implemented by the linear function
approximator at some value of 0, as suggested by Figure 2| We assume that the true value
function v, is too complex to be represented exactly as an approximation vy for any 6. Thus
vy is not in the subspace; in Figure [2| v, is depicted as being above a planar subspace of
representable functions.

A goal for approximation will generally include a weighting or distribution d : § — R
specifying the degree to which we would like different states to be accurately valued. This



is new to approximation; no such distribution arises in the conventional theory for exactly
solving discounted MDPs. If all state values can be exactly correct, there is no need to
weight how they will be traded off, but with approximation there is. This distribution
provides a natural norm and measure of distance in value-function space. For any value
function v, define

loll =~ d(s)v(s)*. (6)

seS

(If the state space were continuous, then the sum would be replaced by an integral.) We will
use only this d-weighted norm in this paper, so we do not explicitly indicate its dependence
on d in our notation. The distance between two value functions vy and vy is then simply
|lvg — v2]|. For any value function v, the operation of finding the closest value function vy in
the subspace of representable value functions is a projection operation. Formally, we define
the projection operator II : RISl — RIS ag

IIv = vy where 6 = argmgn |lv — vl . (7)

For a linear function approximator, the projection operator is linear, which implies that it
can be represented as an |S| x |S| matrix:

m=a <<I>TD¢>_1 a7 D, (8)

where D denotes the |S| x |S| diagonal matrix with d on the diagonal, and ® denotes the
|S| x n matrix whose rows are the feature vectors ¢(s) ', one for each state s:

(1) 0 —o(1)7~
— T_

pe| 1 | oo | 0O o)
0 a(s)) ~o(Is)" -

(Formally, the inverse in may not exist, in which case the pseudoinverse is substituted.)
Using these matrices, the squared norm of a vector can be written

lo[| = v Do, (10)
and the approximate linear value function can be written

vy = PO. (11)

3.1 Value error objective

The most obvious goal for approximation is simply to minimize the distance between the
true and approximate value functions, which we call the value error (VE) objective:

Jve(l) = [lor — vl - (12)
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Figure 2: The geometry of linear value-function approximation. Shown as a plane here is the sub-
space of all functions representable by the function approximator. The three-dimensional
space above it is the much larger space of all value functions (functions from S to R). The
true value function v, is in this larger space and projects down to its best approximation
in the value error (VE) sense. The best approximators in the BE and PBE senses are dif-
ferent and are also shown in the lower right. The Bellman operator takes a value function
in the plane to one outside, which can then be projected back. If you could iteratively
apply the Bellman operator outside the space (shown in gray above) you would reach the
true value function, as in conventional DP.

The value function that minimizes this distance is, of course, Ilv,, the projection of the
true value function into the subspace of representable functions, as shown in Figure [2|

To our knowledge, there is no practical deterministic algorithm for achieving this goal.
The best methods are based on averaging over sample trajectories (a.k.a. rollouts) started
according to d and evolving according to m and the MDP (which gives unbiased samples
of vy(s)). TDL algorithms achieve this goal in essentially the same way when they use
maximally-long eligibility traces (A = 1). All such Monte Carlo methods can be efficient
if value estimates are needed for only a small part of the state space (i.e., if d is very
concentrated) but tend to be inefficient (high variance) if the value function needs to be
accurately approximated over a large portion of the state space. Beyond these practical
considerations, it remains unclear whether achieving this goal would be better or worse
than achieving one of the other two goals. We will not consider this goal further in this

paper.

3.2 Bellman error objective

The second goal for approximation is to approximately solve the Bellman equation for policy
m

vr = Brug, (13)



where By : RISl — RIS is the Bellman operator for policy n, defined by

(Brv)(s) = Z m(s,a) |r(s,a) + v Z p(s'|s,a)v(s) |, VseS, Yv:S—R, (14)

acA s'eS

which can also be written,
Byv =r; +vPyv, Vo:S — R, (15)

where rr € RISl is a vector whose entries give the expected immediate reward from each
state under , [rr], = > c 4 7(s,a)r(s,a), and Py € RISl x RISI is a state-transition matrix
for policy , with entries [Pr];; = >, c 4 7(i,a)p(jli,a). The true value function v, is the
unique solution to the Bellman equation, and in this sense the Bellman equation can be
viewed as an alternate way of defining v,. For any value function vy not equal to v,, we
can ask the Bellman equation to hold approximately, vy =~ Brvg. The error between the
two sides of this equation we define as the Bellman error (BE):

S@ = Bwvg — Vg. (16)
The Bellman error objective is to minimize the norm of this vector:

JeE(8) = ||do

, (17)

Note that we cannot expect to drive dg to zero if v, is outside the representable subspace.
Figure [2] shows the geometric relationships; note that the Bellman operator is shown as
taking value functions inside the subspace outside to something that is not representable,
and that the 6 that minimizes BE is in general different from that which minimizes VE.

The BE was first proposed as an objective function for DP by Schweitzer and Seidmann
(1985). Baird (1995, 1999) extended it to TDL based on stochastic gradient descent, and
Engel, Mannor, and Meir (2003) extended it to least squares (O(n?)) methods known as
Gaussian Process TDL. In the literature, BE minimization is often referred to as Bellman
residual minimization.

3.3 Projected Bellman error

The third goal for approximation is to approximately solve the projected Bellman equation:

vg = II(Brvg). (18)

Unlike the original Bellman equation, the projected Bellman equation can be solved exactly
for linear function approximators. The original TDL methods (Sutton 1988, Dayan 1992)
converge to this solution, as does least-squares TDL (Bradke & Barto 1996, Boyan 1999).
The goal of achieving exactly is common; less common is to consider approximating it
as an objective. Early work on gradient-TD (e.g., Sutton et al. 2009) appears to have been
the first to explicitly propose minimizing the d-weighted norm of the error in , which
we here call the projected Bellman error (PBE) objective:

Jpee(0) = ||| . (19)



An intuitive understanding of this objective can be obtained by looking at the left side
of Figure 2] Starting at vg, the Bellman operator takes us outside the subspace, and the
projection operator takes us back into it. The between between where we end up and where
we started is the PBE. An exact solution is when this vector is 0 and Jpee = 0.

A more thorough understanding can be obtained by expanding and rewriting the PBE
objective in matrix terms:

Jppi(0) = |[15|”

= 6, I1" DII5y

— 0, DD (' D®) ' Déy (20)
(using the identity IT" DIT = D® (#7 D) ' @7 D)

— (@7 D&) " (@7 D®) ' (&7 D3y). (21)

The middle factor is the pseudoinverse of a symmetric, positive definite matrix which we
will often denote simply as
C =o' Do. (22)

The inverse of this matrix plays a key role as a metric in value function space; notice that
it also appears in the matrix representation of the norm . The first and third factors of
the expression above for Jppg are the same vector transposed; Jppg will be zero exactly
when this key vector is zero:

0=®"Ddy
=" D (ry + P, PO — DF)
=& " Dry —®"D(I —yP,)®0
= b - A8, (23)
where
b=®"Dr, and A=®'D(I—~P;)d. (24)

The matrix A is non-singular (Sutton 1988, Tsitsiklis & Van Roy 1997), and so this equation
always has a solution,

Oppp = A1h (25)
at which Jpgg = 0.

Finally, note that in the new notation, Jpgg can be written

Jpe(f) = (A0 —b)TC71(A0 —b). (26)

3.4 The Bellman error controversy

There is a small controversy in the field as to whether the BE objective or PBE objective
is the most appropriate for value function approximation. It was originally argued that the
BE objective was not appropriate (see Dayan 1992, Werbos 1990) and we have recently lent
support to that argument (Sutton et al. 2009). However, Baird (1995, 1999) strongly sup-
ported BE minimization, and in recent years it has become popular with many researchers,
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most notably in gaussian process TDL and kernel-based TDL (..., see particularly Scherrer
2010) We cannot properly resolve this controvery here—that would probably take a new
theoretical result or extensive empirical comparisons, which would take us far afield. Nev-
ertheless, in this paper we focus on the PBE objective. It is appropriate, then, that we
motivate a little further our preference for the PBE objective over the seeming similar BE
objective. Ultimately, one may remain agnostic as to which of these is best and simply take
our results as the development of the PBE approach.

One of the best arguments against using the BE objective, and one that has not previ-
ously been made in the literature, is that it can not be estimated from data. This limits the
BE objective to model-based settings, as in classical DP, or to simulators in which the state
can be reset; it cannot be used for learning from a single sample trajectory. We discuss this
in a later section.

The term “forward bootstrapping” is sometimes used to describe the way the state
values in TDL are updated toward the values of the states that follow them. Backward
bootstrapping is then updating toward the value of preceding states. The PBE objective
encourages forward bootstrapping only whereas the BE objective encourages bootstrapping
in both directions. A pure example of this difference between the objectives is given by the

following small MDP:
O——@——D

Here the middle state is given by the scalar weight 6 while the first and last states have
fixed values of 0 and 1. (It is perfectly permissable for the approximator to assign fixed
values to some states.) The only question then, is what value to give to the center state?
Note that it is a free choice and can be done, by construction, without affecting the value
of any other state. Minimizing the BE and PBE objectives gives it different values. To
minimize the PBE objective, 0 is set to 1, so that the state’s value matches the state that
follows it, whereas, to minimize the BE objective, 0 is set to % as a compromise between
forward and backward bootstrapping. The BE objective favors a 0 value halfway between
the 0 and the 1 before and after it, splitting the Bellman error into two pieces whose sum
of squares is minimal. As a result, minimizing Jgg results in a form of smoothing.

4. Dynamic programming with linear value-function approximation

In this paper we are interested in bootstrapping methods for parametric policy evaluation
that apply in both planning (DP) and learning (TDL) settings. We cover the planning case
first, in this and the next section, because the algorithms are deterministic and thus easier
to analyze. The TDL methods can be viewed as stochastic methods for approximating the
DP planning algorithms. Moreover, and contrary to common understanding, the key chal-
lenges of off-policy training and nonlinear function approximation appear just as strongly in
planning as they do in learning. In this section our methods for addressing these challenges
are presented in the deterministic DP setting before we go on to TDL in later sections. As
in the previous section, we restrict attention to the case of linear function approximation,
postponing the nonlinear case until later (Section .

Consider the standard DP algorithm for policy evaluation, which involves iteratively
updating a value function. The value function v : & — R is initialized arbitrarily and then
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updated according to
v 4= 1x + v PR, (27)

The resultant sequence of value functions converges to a unique fixpoint, which is the state-
value function v, = r; + vPrvr. This algorithm is not feasible for large state spaces, of
course, as it is a vector update on a vector with as many components as there are states. In
addition, there is a matrix-vector product, which nominally involves a sum over the state
space, but in practice this is not a concern as the possible next states are typically highly
concentrated.

4.1 Temporal-difference DP

To adapt DP for use with a parameterized function approximator, we must provide an
algorithm for updating the weights that is in some way analogous to the DP algorithm
(27). The following algorithm may not have ever been explicitly written down before, but
in a sense underlies much past work in TDL. We consider it to be the natural, first way to
generalize policy-evaluation DP to parametric function approximation. We call it temporal-
difference DP (TDDP) because of its close relationship to linear TD(0), a common TDL
algorithm:

0 < 0+ a®’ Dy (28)
=0+a) d(s)(s)d(s), (29)
seS

where a > 0 is a constant step-size parameter, and d is the weighting of states introduced
in the previous section. Notice that the update to 6 is proportional to ®' Ddy, the key
vector that we earlier established is zero when the Jppg is zero (see Eqn. . Thus, the
PBE solution is a fixpoint (those not necessarily a stable fixpoint) of this method.

At first glance, TDDP may seem no more feasible for large state spaces than tabular
DP. If one literally does a sum over all states, then the update is not feasible for large state
spaces. One way for TDDP to be practical is if d is concentrated on a feasibly small subset
of the states, perhaps the center points of a grid over a continuous state space, or a finite
selection of test states. More generally, a close approximation to TDDP can be obtained
by sampling from d and performing the update with just a few states (and then doing more
iterations). Sampling introduces variance and would require that the step-size parameter
be reduced over time to obtain convergence. The computational expense of computing &g(s)
can also be reduced by sampling over the possible next states (again at the cost of variance).
As more sampling is introduced, and the samples are taken from a single sample path, this
algorithm comes closer to TDL, in particular, the TD(0) algorithm (Sutton 1988). But for
now it is useful to stick with the explicit, perhaps impractical, TDDP algorithm to assess
its strengths and weaknesses. For example, any weaknesses we uncover can be expected to
be inherited by any stochastic approximation to it.

To understand the convergence of TDDP’s iteration, it is helpful to write it in terms of
the key matrix A and the b vector introduced in conjunction with the PBE objective.
Using these it can be written simply as

0+ 60— (A0 —b). (30)
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From this it is clear that the value of b will participate in determining the fixpoint of
the algorithm, but not at all in determining whether it will converge. Convergence of the
iteration is completely determined by whether or not the matrix A is positive definite. If A is
positive definite, then, for sufficiently small «, the iteration is guaranteed to converge.

The matrix A has been proven to be positive definite if and only if the distribution d is
an on-policy distribution (Tsitsiklis & Van Roy 1997, Sutton 1988), meaning any distribu-
tion that could be obtained in trajectories by following policy w. The trajectories can start
anywhere, but once started must continue until an ending of some sort occurs. In general,
in non-ergodic or episodic MDPs, there may be many on-policy trajectory distributions
depending on the distribution of starting states. In our setting, without endings and as-
suming ergodicity, the only on-policy trajectory distribution is the stationary distribution
under the policy, denoted

dr(s) = lim Pr{S; = s [ So = s0, Aps—1 ~ 7}, (31)

which by assumption of ergodicity exists and is independent of sg. Thus, linear TDDP is
guaranteed to converge if and only if d = d.

When linear TDDP converges, it converges, of course, to a fixpoint of its update .
We showed earlier that this is exactly when Jppg is zero. This remains true even in
the off-policy case (when d # d).

That TDDP converges to a zero of the PBE for linear FA and the on-policy distribution
is an important positive result, representing the most successful generalization ever of DP
to function approximation. It was a breakthrough of sorts, representing significant progress
towards addressing Bellman’s “curse of dimensionality.” However, linearity and the on-
policy distribution remained significant limitations. In this paper we will present methods
that remove both limitations, so let us examine them more carefully.

TDDP’s limitation to the on-policy distribution appears more fundamental. Simple
counterexamples were presented by Baird (1995), by Tsitsiklis and Van Roy (1997), and
Scherrer (2011). Perhaps the simplest counterexample, and a good one for understanding
the issues, is given by this MDP:

0

0
The states are labeled to characterize the function approximator, which assigns the first
state a value of 6 and the second a value of 26 (theta is a scalar in this example). Note that
this is a linear function approximator. Now suppose d puts all weight on the first state.
Then the TDDP update reduces to

0« 0+ a(y20 — 0) = (1 + a2y — 1)), (32)

which diverges if 8 # 0 and ~ > % It is not important to this example that the second
state is given zero weight; if it is given, say, 10% of the weight, then divergence still occurs
(albeit at higher values of 7). Of course, if the second state is given equal weight, then that
would be the on-policy distribution and convergence would be guaranteed.

So we see there is a fundamental sense in which DP does not work well with parametric
function approximation. It is due to bootstrapping, the recursive update, not to TDL.
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4.2 Gradient descent

TDDP converges reliably only when d is the on-policy distribution, and has no converge
guarantees for nonlinear function approximators. In these senses, it is not a very robust
algorithm, and neither are the corresponding TDL algorithms. This contrasts with function
approximation in supervised learning settings, where methods based on gradient descent
exhibit robust convergence to a local optimum for nonlinear function approximators and
for all distributions. Gradient descent is a very general for designing robustly convergent
learning algorithms, and it is natural to consider adapting it value function approximation.
A gradient-descent algorithm is one whose update is proportional to the negative gradi-
ent of some scalar function J(#) over the weight-vector space, called the objective function.
The objective typically represents some sort of error to be minimized, perhaps a squared
error. Also typically, J has a minimal value, perhaps zero. The general schema for a

gradient-descent algorithm is:
0+ 0—aVJb,), (33)

where « is a positive step-size parameter as before. As long as the objective satisfies basic
smoothness conditions, algorithms of this form can be made convergent to a minimum of
J simply by choosing the step-size parameter to be small. For sufficiently small «, the
update must take @ downhill, to a smaller value of J. As J only decreases, yet is bounded
below, convergence becomes inevitable. Gradient descent can also be done when the true
gradient is not available, using instead an unbiased random estimate of the gradient; this is
called stochastic gradient descent, and it also converges robustly (if the step-size parameter
is reduced appropriately over time.

TDDP is not a gradient-descent algorithm for any function approximator (Barnard
1993).

4.3 Residual-gradient DP

The gradient-descent approach to parametric policy evaluation in TDL has been extensively
explored using the BE objective, as previously noted. The natural DP algorithm for gradient
descent in the BE objective is (Baird 1999, Sutton & Barto 1998):

66— %aVJBE(H)
—0- %av [SGT D&,]
—0—a[Vé]' D
=0 — aV|ry +vP®0 — 0] " Ddy
=0 —a[®—~vP3]" D3
=0+a> d(s)(s) (Vva(s) — 147 (s)), (34)

seS

where the vector qgﬂ(s) € RISl is the expected next feature after s, under policy T,

¢7(s) =Y _m(s,a) Y p(s'ls,a)g(s). (35)

acA s'eS
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This algorithm, which we call residual-gradient DP (RGDP) because of its close relation-
ship to Baird’s (1995, 1999) residual-gradient TDL algorithm, can be approximated with
O(n) computation and memory and has good convergence properties. In particular, it con-
verges to a local optimum of Jgg for nonlinear function approximators and for an arbitrary
weighting distribution d. It does require a model or simulator, as has long been noted (but
now we know this is true for any method that minimizes Jpg).

4.4 Gradient DP

We now present an algorithm based on gradient descent, like RGDP, but for Jpgg. We call
the algorithm simply gradient DP, or GDP. For linear function approximation, it is defined
by the following two updates, performed in this order:

0+ 0+ ad® ' Diy — ay(Pr®) " DDwy (36)
—0+aydls) (5()6(s) 7 (w 6(s)6"(s)) (37)
seS
and
w4 w+ BT D(6p — dw) (38)
—w+ 8 d(s) (dals) — wT(s)) 6(s), (39)
seES

where w € R" is a second weight vector, and $ > 0 is a second step-size parameter. To
obtain convergence, we assume that the w iteration is faster than the 6 iteration (o < ).
For a fixed 6 and sufficiently small 3, w converges deterministically to

wy = (€T D) &7 DGy (40)
We now show that, at this value for w, the main linear GDP update for is gradient
descent in the PBE:
1
0« 60— Q§VJPBE(9)
1 - _ -
— 003V |5 D2(27 Do) 07 DG
— 0 — a[V) DD (T DD) o7 D5
=0 — aV[ry +7P®0 — )" Ddwy
=0+ a[®— PP DDwy.
(a gradient-based DP algorithm analogous to Sutton et al.’s (2009) GTD2)
=0+ ad ' Ddwy — ay(Pr®) " Ddwy
=0 +ad DO DB)'® Dy — ay(Pr®) " DOy
=0+ a® Dy — ay(Pr®) " DOwy,

which is the desired linear GDP update for 6 with wy in place of w. In this sense, GDP
is a gradient descent algorithm and, accordingly, it is relatively straightforward to prove
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that it converges for arbitrary d (next subsection) and for nonlinear function approximators
(Section [7)).

The update for w is a standard gradient-descent rule, often called LMS (Least Mean
Square), for estimating dy(s) as w' ¢(s). For stationary 6, it is well known that this update
converges to wy (e.g., see Widrow and Stearns 1985). This update can also be derived as
gradient descent in its mean-squared error:

w4 w— 5%Vw Hgg — <I>wH
= w— B%Vw [(59 — dw) " D(5y — dw)

— w — BV ,[6g — Dw] | D(5y — dw)
= w+ AP D(8p — Pw),

which is the linear GDP update for w , completing the derivation of linear GDP.

4.5 Convergence of linear GDP

In this subsection we prove the convergence of linear GDP. GDP is a deterministic algorithm,
and we have shown its close relationship to gradient descent in the previous subsection.
Unfortunately, we cannot use standard results for gradient descent to prove convergence of
GDP because the two updates (for # and w) operate simultaneously, and neither is an exact
gradient descent algorithm while the other is operating.

Theorem 1 (Convergence of linear GDP) Consider the linear GDP algorithm given
by , , and , for any distribution d : S — R, for any finite MDP, for any
bounded feature vectors ¢ : S — [—M, M|", and with w initialized to zero. Then there exists
a positive constant Nmin, such that, for any 1 > Nmin, there exists a positive constant max
such that, for any positive step-size parameters a < amax and [ = na, then Jppg converges
to zero. Moreover, Nmin 1S the larger of 0 and the largest eigenvalue of the n X n symmetric
matrizc

A4 AT
5
where C and A are defined by and .

—c! (41)

Proof Linear GDP’s two iterations (egs. and can be rewritten as a single iteration in
a combined parameter vector with 2n components, z' = (wT, HT), and a new reward-related
vector g, also with 2n components, as follows:

z+—z+a(-Gz+yg), (42)

N nC A - (b
G_<C—AT A)v g_<b)a

where b is defined by . The convergence of z is entirely determined by the real parts
of the eigenvalues of the matrix I — aG. If they are all positive and less than 1, then z

where
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converges to the fixed point satisfying —Gz + g = 0. Thus, we need only establish that:
(i) the real parts of the eigenvalues of G are all positive; (ii) Choose a small enough that
the largest real-part eigenvalue of aG is less than 1; (iii) Show that if —Gz + g = 0 then
Jpe = 0

The eigenvalues of G can be found by solving the characteristic equation, det(G—\I) = 0
(where det() denotes determinant). We have:

_ A= nCxn_ A _o 2
0 = det(G )\I)_det<C—AT A—)J)’ where C) , = C nI.

This can be simplified using the determinant rule for partitioned matrices. According to this
rule, if A; € R™M*™M Ay € R™M*"2 Az € R™*™M Ay € R"*"2 then for X = [A;Ag; A3Ay] €
R(mtn2)x(mtn2) det(X) = det(A;) det(Ay — A3A7' Ag). Thus, we have

0=det(G—X) = det(nCy,) det (A — M = (0= AT) (nOxy)™! "A>
— P det(Cy.,) det (A ~ M —(C—AT)Cr} A).

Note, to avoid singularity issues, through out this paper, we use Moore-Penrose pseudo-
inverse for inverting matrices. To simplify the determinant term further, we can re-write
the matrix inside the second determinant as follows:

A=X—(C—-AT)CJA = A—M—-CC A+ ATC; A
AL T
Ci A+ ATC A

-
A
_ T —
= (-2, + 4 —EI)C’A’},A

— A\ —

_ A _
= AN =ACy, + AAT - 51))0%3714,

where we have used the identity CC’;’TI] =1+ %C;:) with X(Y + X) 1= (Y +X -Y)(Y +
X)"'=T-Y(Y + X)~!. Thus, using the determinant rule det(XY) = det(X)det(Y") for
the two matrix X and Y, and also det(X 1) = det(X) ™!, we have:

0=det(G— ) = n*det(Cy,) det (A‘l(—)\C’M +AAT - :\]I)) c;;YA)

72" det(Cy ) det(A™Y) det((—)\C’M +AAT - 21))) det(C5 1 4)
A

= 7 det(—ACy, + A(AT — )

which implies that all the eigenvalues of matrix G satisfies (note, n > 0):

det(—ACy, + A(AT — 21)) = 0.

As such, there must exist a nonzero vector x € C", such that for any A satisfying above, we
have

x* <—)\C)\777 + A(AT - 2]—)) Tr = 0,
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where 2* is the complex conjugate of vector z (including its transpose), and z*z = ||z||* > 0.
Using the definition of C) , in the above equation, would lead us to the following quadratic
equation in terms of A,

z)|°A2 — (nz*Cx + z* Az)\ + || Az|* = 0,

where HAacH2 = 2*AT Az = 2*AATz. This quadratic equation has two solutions, A; and
A9, where E|

77HA3:H2 (nz*Cx + x* Ax)
Ay = 5 5
|zl |||

Because the product of the two solutions, A2, is a positive and real number, therefore,
A2 = KA}, where k € RT. Thus, we have A1 + Ao = A\ +xA}. Let Re()\) denote the real-part
of .

Hence, due to Re(A1+X2) = (14+k)Re(A1) = (1+1/k)Re(A2), if we show Re(A1+A2) >0
for some conditions on 7, that would imply Re(\1) > 0 and Re(\g) > 0.

Let us write Re(A1+A2) > 0 in the following form, using the indentity Re (A\) = (A+A*)/2
and the fact that A and C are matrices whose elements are real numbers:

>0, M+A=

Re (nz"Cx +a"A *Cx + 2% Az) + (na*Ca + a* Ax)*
Re(A1 4 Ag) = (nx xZ:c ) _ (nz*Cx + x* Ax) (72793 x + x*Ax)
] 2]|z|
 (2na*Cz+a2*(A+ AT))
2||)”
> 0,

which is equivalent to
2nz*Ca + z*(A+ AT )z > 0.

Thus, n > —2*(A+AT)x/(22*Cx). Clearly, the above inequality holds, for all A eigenvalues,
if we choose 7 such that
S A+ AT

z' ' Hz 7 + ‘

> max
" 270, zeCn 21Cz "’ 2

Here, the H and C matrices are symmetric, hence their eigenvalues and eigenvectors are
reals. For any z # 0, z € R", let y = C'/2z. Then when z' Cz = 1, we also have ||y|? = 1.
Therefore, it suffices to have

7 > max y' <—C_1/2HC’_1/2) 1,
llylI2=1

which is equivalent to 1 > Apax (—0*1/2H0*1/2). Note, C~1/2HC~Y/2 is symmetric, so
its eigenvalues are all real. Also, because

Amae (—0—1/21{0—1/2) = Amax (—C7UH) |

1. The quadratic equation, az? 4+ bz +c¢ =0 (with a # 0), has two solutions. The product and the sum of

these two solutions are, r1x2 = § and 1 + 22 = _Tb, respectively.
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then, because 7 is positive number, we conclude
7 > Nmin = Mmax{0, Amax (—C_IH)},

which suffices to guarantee that all the real-part eigenvalues G are positive. The next step
is to choose « such that it is smaller than the inverse of largest real-part eigenvalue of
G. The latter condition makes the z-iterate convergent to the fixed point which satisfies
—Gz+g=0.

Finally, we show that if —Gz + ¢ = 0 then Jppg = 0. Because —Af# + b = 0 implies
Jpee = 0, then we are done if we show that the 6-fixed point of iterate z satisfies, —A0+b =
0. To show this, observe that —Gz + g = 0, in terms of w and 6, can be written in the
following form:

(—A0+b) — (C—ANw=0, and —Cw+ (—A0+b)=0.

From the above linear equations we conclude —A# + b = 0, thus finishing the proof. |

4.6 Empirical counterexamples for off-policy d

In this section we demonstrate empirically that TDDP diverges, and linear GDP converges,
on the small counterexample given at the beginning of this section and on Baird’s coun-
terexample.

The small example given earlier is shown inset in Figure 77, which also shows the
divergence of # under TDDP and the convergence of both 6 and w to zero under GDP. In
this example, # was initialized to 1, w was initialized to zero, and d was 0.9 for the first
state and 0.1 for the second. The step-size parameters were @ =7 and 8 =7. Notice the
way w has to first become nonzero before it can bring 6, along with itself, back to zero.

Baird’s (1995) counterexample is shown in Figure The Markov decision process
(MDP) is depicted in Fig. The reward is zero in all transitions, thus the true value
functions for any given policy is zero. The behavior policy, in this example, chooses the
solid line action with probability of 1/7 and the dotted line action with probability of 6/7.
The goal is to learn the value of a target policy that chooses the solid line more often
than the probability of 1/7. In this example, the target policy choose the solid action with
probability of 1.

Value functions are approximated linearly. Both TD(0) and dynamic programming
(with incremental updates), however, will diverge on this example; that is, their learning
parameters will go to oo as is illustrated in Figure [3]

Also freaky features goes in this section, maybe before Baird’s counterexample.
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Figure 3: Left panel: Baird’s counterexample (7 state version). Every transition in this
MDP receives zero reward. Each state, has two actions, represented by solid line
and dotted line. Solid line action only make transition to state state 7, while
dotted line action uniformly make transition to one of states 1-6 with probability
of 1/6.The value functions are approximated linearly in the form of V(i) = 20(i)+
0o, for i € {1,...,6}, and V(7) = 6(7) + 26y. Here, the discount factor is y = 0.99.
The zero-PBE solution, in this example, is (i) = 0, 7 € {1,...,7}, and 6y = 0.
Right panel: The weights diverge to infinity under TDDP with all weights equally
weighted.

5. Learning and identifiability

In learning, the MDP is viewed as a generator of a sample data path, an infinite-length
trajectory of feature vectors, actions, and rewards: ¢(Sy), Ag, R1, #(S1), A1, Ro, #(S2), . . ..
The goal is to use this data to approximate the value function v, for the target policy, m,
while the actions are selected according to another given policy u, known as the behavior
policy. The two policies may be the same, the on-policy case, or they may be different, in
which case the data and learning is said to be “off” the target policy, or off-policy. Note
that the states S¢,t = 0,1,2,... are not in the trajectory, only the corresponding feature
vectors ¢(S¢). This is not a limitation, as the feature vectors could in principle capture
the entire state, and allows us to include cases of partial observability. The policies, m and
u, are left unrestricted and may depend on the state arbitrarily. We do assume that at
each step t, the action probabilities 7(S¢, a) and p(S¢, a) are known for all a € A without
extensive computation. In this section we also assume linear function approximation ,
postponing the nonlinear case until Section

The MDP and p together are assumed to form an ergodic process with stationary
distribution d, : S — RT, defined as in (if there are states that do not recur with
positive probability under p, then they can simply be removed from the state set). Let
us assume that the initial state, Sp, is also sampled from d,,. The probability distribution
over random all variables S;, A:, and Ryy1, for ¢ = 0,1,2,... is then completely defined,
and we can talk unambiguously about the expectation of these random variables and other
random variables defined in terms of these. Several examples of this are given in the second
paragraph below.
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Whereas earlier we considered planning (DP) objectives based on an arbitrary distribu-
tion d, in this section we consider learning objectives only for d = d,. The difference is that
in the planning case we have direct access to the states and can examine or sample them
arbitrarily, whereas in the learning case the states are hidden; all we know about the states
in the trajectory is that in the long run their proportion matches d,, even though we have
no idea what d,, is. In a later section we examine some important generalizations, but for
now we assume d = d,.

In off-policy learning we are often concerned with the ratio of taking an action under
the target and behavior policies, sometimes called the importance sampling ratio:

(s, a)
(s, a)’

p(s,a) = (43)

The expectation of this ratio on state—action pairs encountered in the trajectory is

E(p(S 4] = Y du(9) Y (s, 0) "D =S () Yow(s.a) =1 (40

u(s,a) ”

Note that we have not explicitly conditioned on p (or the MDP) because of our convention
for expectations that these are implicit. Next we follow this convention to express the key
components of the PBE objective, C, A, and b, as expectations. First, to further simplify
the notation, let us define p; = p(St, A;) and ¢ = ¢(S¢). Then:

C=E [Pt¢t¢;] , A=E [Pt¢t(¢t - ’Y¢t+1)T ‘ Ay ~ 77] ,and b=E[p;Riy10: | Ay ~ 7.

(45)
Note that these expectations condition only on actions, which are assumed visible in the
trajectory, and not on states, which are not observed. As such, all of these expectations
can be estimated from the data trajectory by averaging observable quantities. Recall that
the PBE objective can be written in terms of C, A, and b, (eqn. so the fact that these
can be estimated from data means that Jpgg itself can be estimated from data. As we will
show later, the gradient of Jppg with respect to # and the minimizing value of 6 can also
be determined from the data trajectory. This might seem like a small thing, but it turns
out it is not true for either the VE or BE objectives. Neither of these can be estimated, or
identified, from data, as we show next.

5.1 Identifiability

Let us consider more carefully the relationship between the MDP, the possible data tra-
jectories, and the objectives of learning. As already described, the MDP and behav-
ior policy together completely determine the probability distribution over data trajec-
tories. Assume for the moment that the state, action, and reward sets are all finite.
Then, for any finite sequence & = ¢g, ag,71, - -.,7k, Pk, there is a well defined probabil-
ity (possibly zero) of it occuring as the initial portion of a trajectory, which we may
denoted 'Pu(f) = PI‘{¢(S()) = ¢g, Ao =ag,R1 =711,..., R =1y, (Z)(Sk) = ¢k} The distri-
bution P, (§) then is a complete characterization of a source of data trajectories. To know
P (&) is to know everything about the statistics of the data, but it is still less than knowing
the MDP. In particular it is not enough to reconstruct or identify the MDP. Further, the
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VE and BE objectives are readily computed from the MDP as described in Section 3} but
they also are not identifiable and cannot be determined from P, (§) alone.

The possible dependency relationships among the data distribution, MDPs, and var-
ious objectives are summarized in Figure The left side of the figure treats the non-
bootstrapping objective, Jyvg . It indicates that two different MDPs, MDP; and MDPy,
can produce the same data distribution, yet have different VEs. The simplest example of
this is the two MDPs shown below:

lIGOWL 0O

2

These are MDPs with only one action from each state, so they are in effect Markov chains.
Where two edges leave a state, both possibilities are assumed to occur with equal probability.
The numbers indicate the reward received on each edge traversal. All the states appear the
same; they all produce the same feature vector ¢ = 1 and have approximated value 0, a
scalar. Thus, the only varying part of a data trajectory is the rewards. The left MDP stays
in the same state and emits an endless stream of Os and 2s i.i.d. at random, each with 50-50
probability. The right MDP, on every step, either stays in its current state or switches to
the other, with 50-50 probability. The reward is deterministic in this MDP, always a 0 from
one state and always a 2 from the other, but because the state is i.i.d. 50-50, the observable
data is again an endless stream of Os and 2s at random, identical to that produced by the
left MDP. Thus, two different MDPs can produce the same data distribution as shown in
the figure. This proves that the relationship between MDPs and data distributions is many-
to-one and not invertible. We say that the MDP is not identifiable, meaning that it is not
a function of the observable data distribution, and thus in principle cannot be determined
from data.

This pair of MDPs demonstrate that Jyg is also not identifiable. Let v =0 and 6 = 1.
Then the true values of the three states are 1, 0, and 2, left to right, and the Jyg of the
left MDP is 0 while the Jyg of the right MDP is 1, for any d. Thus, the Jyg is different for
two MDPs with the same data distribution and the Jyg cannot be determined from data.
There is a saving grace, however. Even though the two Jygs can be different, the value
of # that minimizes them is always the same and can always be determined by minimizing
another objective, based on the return error (RE), which is identifiable, as shown in the
figure. The RE objective is the mean-squared error between the approximate values and
what the returns would be under the target policy:

Tru(0)? = E [(vg(St) —Gy)? ‘ Ap ~ n} . (46)
It is not difficult to show that
Jrs(0)2 = Fp(0) +E [ (vn(S) = Gi)* | Avoo ~ 7] (47)

where the second term does not depend on 6, but only on characteristics of 7 and the MDP.
Thus, if one finds the minimal 6 for Jrg, then one will also have found the minimum for
JvEe, even though Jyg itself is not identifiable. The RE objective is identifiable as it is a
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Figure 4: Causal relationships among the data distribution, MDPs, and errors for non-
bootstrapping (left) and bootstrapping (right) objectives. In both cases, two
different MDPs can produce the same data distribution. For non-bootstrapping
objectives, the VE can be different for the two MDPs, and thus is not identifiable,
but the optimal weights are the same and can be determined by optimizing the
RE objective, which is identifiable. For bootstrapping objectives, both the BE
and its optimum can be different for the two MDPs, and they have no coincidence
with the identifiable errors, PBE and TDE, or their optima. Thus, minimizing
JBE is not a feasible objective for learning.

function only of the data distribution and the two policies. In the on-policy case at least,
the RE objective can also be estimated easily from the data (the off-policy case is probably
also possible using importance sampling techniques (e.g., Precup & Sutton 2000)).

But let us return to the bootstrapping objectives, Jgg and particularly Jpgg, which are
of primary interest in this article. The dependencies here are summarized in the right half
of Figure |4l To show the full range of possibilities we need a slightly more complex example
than that considered above. Consider the following two MDPs:

The MDP on the left has two states that are represented distinctly; each has a separate
weight so that they can take on any value. The MDP on the right has three states, two of
which, B and B’, are represented identically and must be given the same approximate value.
We can imagine that 6 has two components and that the value of state A is given by the
first component and the value of B and B’ is given by the second. Notice that the observable
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data is identical for the two MDPs. In both cases the agent will see single occurrences of A
(or rather the feature vector for A) followed by a 0, then some number of Bs, each followed
by a —1 except the last which is followed by a 1, then we start all over again with a single A
and a 0, etc. All the statistical details are the same as well; in both MDPs, the probability
of a string of k Bs is 27%.

Now consider the value function vg = 0. In the first MDP, this is an exact solution, and
JBE is zero. In the second MDP, this solution produces a squared error in both B and B’
of 1, such that Jppg = 1/d(B)1 + d(B')1 = 1/2/3 if d = d,,. As with the previous example
(there for the VE objective), these two MDPs, which generate the same data, have different
JBES.

In this case, however, there is no saving grace; the minimizing value of 4 is also different
for the two MDPs For the first MDP, the minimal-Jgg value function is the exact solution
vg = 0 for any 7. For the second MDP, the minimum-Jgg value function is a complicated
function of 7, but in the limit, as v — 1, it is vp(B) = vg(B’) = 0 and vg(A) = —3. Thus
the value function that minimizes Jgg cannot be estimated from data alone; knowledge of
the MDP beyond what is revealed in the data is required. In this sense, it is impossible in
principle to pursue the BE objective from data alone.

It may be surprising that the Jpg-minimizing value of A is so far from zero. Recall that
A has a dedicated weight and thus its value is unconstrained by function approximation. A
is followed by a reward of 0 and transition to a state with a value of nearly 0, which suggests
vg(A) should be 0; why is its optimal value substantially negative rather than 07 The answer
is that making the value of A negative reduces the error upon arriving in A from B. The
reward on this deterministic transition is 1, which implies that B should have a value 1 more
than A. Since vg(B) is approximately zero, vg(A) is driven toward —1. The Jgg-minimizing
value of vg(A) ~ —% is a compromise between reducing the errors on leaving and on entering
A. Alternatively, one could seek to minimize only the error on leaving states; this is what
happens with the PBE objective.

5.2 The TDE objective

As we have shown, Jgg and its minimum are not identifiable from data or even from
complete knowledge of P,. They cannot be estimated without taking multiple samples
from the same state, which requires a model/simulator. This may be a bit surprising, as
it is natural to think of Jgg as an expectation. It is the expectation of the square of the
Bellman error:

Jen(0)? = ||8|| = E [5s()?] (48)

and the Bellman error itself can be written as an expectation:
59(s) =E[0; | S; = 5, Ap ~ 7] = E[ps6; | Sy = 5] (49)
where J; is a random variable, dependent on #, known as the TD error (TDE).
Ot = Riy1 + g, (Se+1) — ve, (St)- (50)

Unfortunately, if and are combined, the result is an expectation of an expectation,
which cannot be sampled or otherwise estimated from data as we have shown. If one ignores
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the second expectation, but simply uses ¢; directly, one obtains the TDE objective:
Jroe(0)®> =E[67 | Ay ~ 7| =E[p:7] -

This objective is identifiable and can be minimized from data, but of course the minimum
is not the same as that of Jgg.

5.3 Multi-step bootstrapping objectives

[This is where we introduce lambda-generalizations of the PBE. Or maybe do all the multi-
step stuff together, later.]
We define the multi-step bootstrapping Bellman operator, B2, according to

(BY)(s) = > 7(s,0) [ 5,0) +7(5) 3 pls']s,a) [ (1= A()v(s) +A<s'><B¢v><s'>]] ,
acA s'eS
(51)
where ~(s) : S + [0,1] is state-dependent discount factor, and A : S — [0,1] is a state
dependent bootstrapping parameter.
Now the multi-step bootstrapping Jppg is

Jpan(0,\) = H”9 - HBQUQH _ HH&}

(52)
where 55‘ is multi-step bootstrapping Bellman error (also called A— weighted Bellman error)

5p = Blvg — vp. (53)
[since we are doing DP here maybe we don’t need to introduce forward-backward view
here?]
5.4 Action values

Maybe we should do all the action-value stuff later, together.

It is appropriate to introduce this here because it is primarily in a learning setting that
our goal becomes to approximate action values rather than state values. Perhaps we will
be able to formulate this in such a way that we can handle state values and action values
simultaneously. But we should not press that if it is looking tricky or complicated.

6. Gradient temporal-difference learning (GTD)

We are now ready to present our main learning algorithms. The first of these, linear
GTD(0), is a one-step gradient-TD algorithm for learning an an approximate linear state-
value function. It is defined by the following two iterations:

Or11 = 0p + aupy [5t¢t — Ybt+1 (¢tT’wt)} ) (54a)

W1 = wi + Bipe (0 — ¢ we) ¢y, (54b)
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where 0; € R™ and wy € R™ are two modifiable weight vectors, oz > 0 and 5; > 0 are
two sequences of step-size parameters, and p;, ¢, and &, are as defined in Section [f] with
vg,(s) = 6, ¢(s). These updates are chosen so that in expectation the weight vectors §; and
wy evolve as # and w do in GDP. That is, for any 0, w, «, and 8, suppose oz = « and
By = B, then

El0i11— 0 | 6p=0,w, =w| =E {Oépt (6t — yheg1 (7 w ‘ 0 = }
= oE [pid16r = 1pidr1 (9] w) | 6, = 0]
= a Y d(s) [3(s)6(s) — 167 (5)(6(5) T w)
(using and (35))), which is the linear GISJP update for 6 (37), and
Efwi1 — we | 0 = 0, = w] = E[8p1(8 — 6 w)on | 6 = 0]
= BE [ pdin — pi(6 w) o1 | 0, = 0]
= B d(s) [d()0(s) — (o w) ]

(using and (44)), which is the linear GDP update for w (39).

The first step is to introduce a general linear stochastic update in the following form:
Zip1 = Zi + o [-G(Xe) Ze + g(Xt)] (55)

where G(X;) and g(X;) are... So G(X;) matrix will become
(Xt)t>0 is a Markov Process with an underlying unique invariant distribution, and G(X;)
and g(X;) are stochastic matrix and vector, respectively, as a function of process X;.
Therefore the following expectations are well-defined G = limy_, 1 E[G¢(X})], g
limy, 4o E[g(X})]. For brevity, here we denote Eo[.] to refer the expectation of random
variable with respect to invariant distribution. Thus, we have

G =Ex[G(Xy)], g=Eo[g(Xy)]. (56)

where H is a constant matrix and h is a constant vector.
Then, we re-write the iterate() in the following form:

Ziy1 =21+ oy [—GZt +4g+ M(Xt, Zt)] R (57)
where
M(Xy, Zt) = — (G(Xy — G)) Zy + (9(Xt) — 9) (58)

denotes the noise term.

Theorem 2 (Convergence of Linear Stochastic Iterate (55)) Let (X;)i>0 be a uni-
formly bounded sequence generated according to a Markov Process with a unique invariant
stationary distribution. Assume that matric G and vector g in are well-defined and
all the real-part eigenvalues of matriz G in are positive. Then the stochastic iterate
converges to zoo with probability one, where zoo satisfies Gzoo + g = 0, if the following
conditions hold
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(C1) The determinisitc update, z < z+a(Gz+g), is convergent, for a small enough positive
a.

(C2) The process (Xt)t>o is uniformly bounded, and thus is stable as t — +00.

(C3) There exist scalars K and q such that
D IE[M (X, 2) | Xo=a] | < K1+ [[z])(1 + |l2[I3),
t=0

where M(Xy,z) matriz is defined in @ This condition can be seen as Mizing
condition, that is, it implies G(X¢)Z + g(X¢) approaches to GZ + g at a sufficiently
rapid rate.

(C4) Considering v(z,z) = >~ E[M(Xy, 2) | Xo = x|, then there exists K and q, such
that ||v(z,z) —v(x,2")|| < K|z —=2'|| (1 + ||x||). This condition controls the growth of
noise term as z increases.

(C5) Y2gar =400 and Y ;20 af < +00.

Proof This theorem is a special case of Theorem 17 (page 239) of Benveniste et al. (1990)
for stochastic linear systems. |

now we need a corollary for the above theorem customized for GTD(0).
For example, for GTD(0), we can write Z; = (w¢,6;) " and thus get the following special
form for H(X}):

—pi noedl o (0 — vre1)
’)’<f>t¢tT bt (P — ’Y¢t+1)T ’

9(X0)" = Ri(ner,er) "

Xi = (S, A¢, Ry, Seq1, Oty G141, pt)

Z; is another process and is initialized with an arbitrary value Zj and has the iterate ()
. Assume G has positive real-part eigenvalues. Assume My is Martingale noise and has
the following properties.... The with step-size condition... Z; converges to the solution ....
w.p.1.

Let Eg[.] stand for the invariant distribution, therefore we can write Ey[G(X;)] =
limy oo E[G(Xy)], and Eo[g(X:)] = limy 400 E[g(Xy)], thus G and ¢ are well defined.
construct matrix Gyy1 and vector gy41 as follows:

_ T _ T
Guxy = (It O =) 00T = ] o).
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Let us consider random variable Xy = (S, Ay, Riy1, ¢¢) which is generated according to
a Markov process [why?]. where X; is stationary sequence obtained according to a Markov
Process? X; has Markovian structure, that is, X; only depends on X;_1.

we need to say something about the way we prove convergence before the following
lemma. Let’s concatenate the updates and construct stochastic iterates based on matrix G.
Then we want to say we want to say Markov- noise diminishes over time,

Lemma 1 (Martingale Noise Lemma for GTD(0)) Let us consider random variable

Xt = (St, At, St41, Reg1, ¢, pr),

which is generated according to a Markov process. Assume X; is uniformly bounded for all
t. Then (a) (Mg, Fi)e>1 are martingale difference sequences, where Fy = o(Zy, X1, ..., X¢),
where Xy sequence are increasing o-fields ; (b) 3Ko s.t. E[ME, | Fe] < Ko(1+ || Z%).

Proof Let G = lim;_,1 o E[G(X})] and g = limy_,4 oo E[g(X¢)]. Then there exists scalars K
and g > 0s..: (i) | 20 EIG(X0) — G | Xo = a] | < K(1+]2]%); and (i) | 320 Blg(Xp) — g | Xo =] | <
K1+ [Jo]9).

Here, the sequence {0o, (X¢)i>0} is defined on a probability space (w,&,P) and the
sequence 9g, X1, ..., X; generates o-field of events denoted by F; = o(00, Xo,...,X¢). Let
H(ot, Xt) = Giy10t + g1 and h(o) = E[H (0, X;)]. For the case (i), we need to verify the
following conditions in 77 the following conditions

Let v(z,0) = > 720 E[H(Xt, 0) — h(0) | Xo = z].

There exist Cj,¢;, i = 1,...,3 and Cy(¢ > 0), such that for all o € R2?, then: (a)
|H(o,)ll < Cr(1+ al)(1+ [lz]#); (b) EJX, 12 | Xo = 2] < Cy1+ lal}9); (©) Iz, o) <
Co(1+ oll) (1 + 21%); (&) [v(z, 0) — v(z, )| < Callo— o'l (1 + 12]%%). =

Our main convergence theorem should be something like:

Theorem 3 (Convergence of linear GTD(0)) Consider the linear GTD(0) iterations
—. For any finite MDP, for any uniformely bounded feature vectors ¢ : &
[—M, M]™, and importance sampling ratio p : S x A — [0, M], there exists a positive
constant Nmin, such that, for any positive step-size parameters cy and By with the following
conditions: (i) By = noy, where 1 > Nmin, (1) Y og = +00 and Y ooy a? < +oo. Then,
JpBE converges to zero with probability one. Moreover, Numin s the larger of 0 and the largest
etgenvalue of the n X n symmetric matriz

A+ AT

-C 5 ,

where C' and A are defined by and .

[GTD(0). Markov-noise theorem building on GDP theorem. On-policy GTD empirical
experiments. GQ(0). this section also deals with existing solution methods, their failings,
and the failure of other ideas. e.g., freaky features and averagers.]

To derive the GTD(0) algorithm we conduct gradient descent in the projected Bellman-
error objective function (??). First, for simplicity let us define ¢ = ¢y, &' = dr11, p = pt,
and using the identity E[p¢¢d] = E[p¢], we have
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5V pn(6)

= E[p(¢—1¢)9" | ElosT] 'Elpdg]

= (B[oo"| —vE[p0/0"] ) ElooT] 'Elpsd]

= E[psg] - 1E|ps'sT| Eloo "] " Elpog]

= Elpdg] = 1Ep¢'0" | we(0), (59)

where
w(0) = E[po "] "E[psg], (60)

which looks the same as the solution we get from least-mean-square (LMS) method in
supervised learning by replacing pd with supervised signals. Now assuming that we have an
estimate for w(6;) at time step ¢, say wy, we can sample from the gradient descent direction,
resulting in the following O(n) algorithm, called GTD(0):

01 = Op+aupy |06 — i1 (P we)|, (61)

Given that 6, does not change quickly, we could use the supervised learning update wy+1 =
wi + Bi(pids — ) wy) s, because given a fixed value of , the solution of this update is w(6)
as By — 0. However, one also could use w11 = wy + Bipr(d — (th wy )¢ update, because
E[ptgzbtgbz— ] = E[qbtqb: ] This update is more sensible because when p; = 0 we do not expect
to update the weights. Thus, we can use the following update for the w weights:

w1 = wi + Bepe(0r — ¢f wy) . (63)

Note that the update to 6; is the sum of two terms: the first term is exactly the same
as the TD(0) update (??), and the second term is essentially an adjustment or correction
of the TD(0) update so that it follows the gradient of the PBE objective function. If the
second parameter vector is initialized to wg = 0, and (; is small, then this algorithm will
start out making almost the same updates as conventional linear TD. Note also that after
the convergence of 6, w; will converge to zero again.

6.1 Empirical results

To begin to assess the practical utility of the new family of TD algorithms based on gradient-
descent on on-policy problems, we compared the empirical learning rate of the following
algorithms: 1) The algorithm by Sutton, Szepesvari and Maei (2008), which we call it here
GTDlEl, 2) GTD2 in Sutton et al. (2009), 3) GTD(0), which is analogous to TDC in Sutton

2. Note this algorithm originally was called GTD(0). However, later more efficient algorithms were devel-
oped, thus, we call it here GTDI1.
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et al. (2009), and 4) conventional TD(0). Particularly, we compare the performance of these
algorithms with linear function approximation on four small problems—three random-walk
problems and a Boyan-chain problem. All of these problems were episodic, undiscounted,
and involved only on-policy training with a fixed policy.

The random-walk problems were all based on the standard Markov chain (Sutton and
Barto, 1998) with a linear arrangement of five states plus two absorbing terminal states at
each end. Episodes began in the center state of the five, then transitioned randomly with
equal probability to a neighbouring state until a terminal state was reached. The rewards
were zero everywhere except on transition into the right terminal state, upon which the
reward was +1.

We used three versions of this problem, differing only in their feature representations.
The first representation, which we call tabular features, was the familiar table-lookup case
in which, for example, the second state was represented by the vector ¢2 = (0,1,0,0, 0)T
The second representation, which we call inverted features, was chosen to cause exten-
sive inappropriate generalization between states; it represented the second state by ¢o =
(3,0,4,2,1)7 (the value § was chosen to give the feature vectors unit norm). The third
representation, which we called dependent features, used only n = 3 features and was not
sufficient to solve the problem exactly. The feature Vectors for the five states, left to
right, were ¢1 = (17070)Ta P2 = (%7%70)T: ¢3 = (\[ V3’ \[) $a = (0, \}? %)T, and
¢5=(0,0,1)"

The Boyan-chain problem is a standard episodic task for comparing TD-style algorithms
with linear function approximation (see Boyan, 2002 for details). We used the version with
14 states and d = 4 features.

We applied GTD(0), GTD2, GTD1, and TD(0) to these problems with a range of
constant values for their step-size parameters. The parameter o was varied over a wide
range of values, in powers of 2. For the GTD(0), GTD2, and GTD1 algorithms, the ratio
n = [/a took values from the set {%, %, 1,2} for the random-walk problems; one lower power
of two was added for the Boyan-chain problem. The initial parameter vectors, 8y and wy,
were set to 0 for all algorithms.

Each algorithm and parameter setting was run for 100-500 episodes depending on the
problem, with the square root of the MSPBE, MSBE, NEU, and MSE (see Sutton et al.
, 2009) computed after each episode, then averaged over 100 independent runs. Figure
summarizes all the results on the small problems using the MSPBE as the performance
measure. The results for the other objective functions were similar in all cases and produced
the same rankings. The standard errors are all very small (in the order of 1072 to 1073),
thus, are not shown. All the algorithms were similar in terms of their dependence and
sensitivity to the step sizes. Overall, GTD1 learned the slowest, followed after a significant
margin by GTD2, followed by GTD(0) and TD(0). It is important to note that our step-
sizes in these empirical results are kept constant and as a result the RMSPBE as shown
in Figure |5 (right sub-panel) will never go to zero. To get a measure of how well the new
algorithms perform on a larger problem , such as 9x9 Computer Go (in on-policy domain),
we refer the reader to Sutton et al. (2009). The results are remarkably consistent with what
we saw in the small problems. The GTD1 algorithm was the slowest, followed by GTD2,
GTD(0), and TD(0).
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Figure 5: Empirical results on the four small problems—three versions of the 5-state random
walk plus the 14-state Boyan chain. In each of the four panels, the right sub-
panel shows a learning curve at best parameter values (RMSPBE denotes root
of MSPBE objective function), and the left sub-panel shows a parameter study
plotting the average height of the learning curve for each algorithm, for various
n = B/a, as a function of a. TD label shown in the graph represents TD(0)
algorithm.

Finally, Figure [6] shows the results for an off-policy learning problem, demonstrating
that the gradient methods converge on Baird’s counterexample for which TD diverges.

6.2 GQ

Analogous to state-value functions, we define the A-return for action-value functions:

GHQ) = Revi+7 (1= NQ(Sk1, Avin) + 201 (Q)] (64)

where Q(s,a) denotes the value of taking action a from state s, v € (0,1], and X\ € [0, 1].
Under MDP assumption, for every entry of state-action pair we get the following A-weighted
Bellman equation for action-value functions:

O™ (s,a) = EW[G?(Q”) 1S = s, Ay = a, 7| = (T™Q™)(s, a),

where T7™ is a A-weighted state-action version of the affine Bellman operator for the target
policy 7.

To estimate action-value functions, we use linear function approximation, where ) ~
Qg = P40 is the vector of approximate action values for each state—action pair (s,a) € S X A,
and @ is the matrix whose rows are the state-action feature vectors ¢(s, a)T € R
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Figure 6: Learning curves on Baird’s off-policy counterexample: TD diverges, whereas the
gradient methods converge. This is the 7-state version of the “star” counterex-
ample (Baird 1995), for which divergence is monotonic. Updating was done syn-
chronously in dynamic-programming-like sweeps through the state space. For
TD, o = 0.1. For the gradient algorithms, o = 0.05 and = 10. The initial
parameter value was 6p = (1,1,1,1,1,1,10,1) ", and v = 0.99.

Following our approach for derivation of GTD(\)in Section we consider the follow-
ing projected Bellman-error objective function:

70) = Qo ~ 1T} = (PIRO)8:) Elows!) " (PI520)0:). (65)
where 6} denotes A-weighted TD error at time ¢:
62(0) = GNO) — 0" ¢y, (66)
and G (0) is
GNO) = Rusr+7|(1= N0 6rs1 + 26, (0)] (67)

where ¢ = ¢(Sy, Ar).
In the next section, first, we introduce the GQ(X) algorithm, whose learning parameter
is updated along the stochastic gradient descent of the above objective function, J(#).

6.3 The GQ(\) algorithm

First, we specify the GQ()\) algorithm as follows: The weight vector § € R™ is initialized
arbitrarily. The secondary weight vector w € R" is initialized to zero. An auxiliary memory
vector known as the eligibility trace e € R” is also initialized to zero. Their update rules
are

Orir = O+ ari[der =71 = N (w/ e))r] (68a)
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W1 = Wi+ By |drer — (thQZst)@ ) (68b)

where 7, is a desirable positive weight (see the GTD(A) algorithm),

et = ¢y +yAprer—1, (69)
0t = Rip1 + 0, dri1 — 6/ ¢1, (70)
¢ = ZW(G | St)p(St, a), (71)
or = 7T(At | St)
LT R4 ]S

where ¢, is an alternate notation for ¢(S¢, A¢), and ay > 0, 5; > 0, are positive step-size
parameters for 6 and w weights respectively.

In the next section we derive GQ(A) based on gradient-descent in projected (A-weighted)

Bellman error objective function.

Algorithm 1 GQ(A) with linear function approximation

Initialize wy to 0, and 6y arbitrarily.

Choose proper (small) positive values for «, 8, and set values for v € (0,1], A € [0, 1].
Repeat for each episode:

Initialize e = 0.

Take A; from S; according to 7, and arrive at Siy1.

Observe sample, (S;, Ri+1,Si+1) at time step ¢ (with their corresponding state-action
feature vectors).

7. for each observed sample do

10:
11:
12:
13:
14:

b1 ¢ g m(a | Sir1)d(Sit1,a).
Op < Ryy1 + 79,5T¢t+1 - 9;@-
pr = TS
et <= ¢y + pryAes—1. B
Ori1  0¢ + Ty [Srer — (1 — M) (e wi)Pei].
Wit + we + B [Srer — (¢ wi)dy].

end for

6.4 Derivation of GQ()\)

To derive GQ(A), we follow the GTD(\) derivation steps (for simplicity, first, we assume Z;
functions are one).

7. Nonlinear function approximation

Remarks about challenges and open issues. Algorithms for all cases. Proof of convergence.
Spiral counterexample.
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The status of TDDP’s limitation to linear function approximators is not completely
clear. In practice, such algorithms have been widely used with nonlinear function approx-
imators with good results. Tesauro’s (1992, 1995) celebrated results with backgammon,
for example, were obtained with a nonlinear neural-network function approximator. It is
in fact extremely difficult to construct a example in which TDDP fails to converge under
the on-policy distribution. The only such counterexample currently known is Tsitsiklis and
Van Roy’s spiral example, which is complex and contrived. We have tried to construct a
simpler one without success. Moreover, we have recently shown that even, in the nonlinear
case, all fixpoints of the TDDP update are stable—that if the approximator is started near
a fixpoint it will converge to it (Maei, Sutton & Van Roy in preparation). It seems likely to
us that there could be a significant further positive result to be obtained for nonlinear func-
tion approximators and TDDP. For the moment, however, there are no positive theoretical
results for TDDP and nonlinear function approximators.

For linear function approximation, there always exists a 6 at which the trip up and back
leaves us in the same place and the PBE is zero. For nonlinear function approximators this
is not true, as in this simple example:

The first state is assigned a value of 6 (here a scalar) and the second state is assigned a
value of #2 (thus making the approximator linear). For simplicity, assume d puts all weight
on the first state. Then the value that minimizes the PBE (as well as the BE) is 6 = %, at

which value the PBE (also the BE) is 1/3/4.

In this section, our goal is to extend the linear GTD(0) algorithm to nonlinear GTD(0).
Particularly, we consider the case in which parametrized value function, Vj, is an arbitrary
differentiable nonlinear function. In the linear case, the objective function (MSPBE) was
chosen as a projection of the Bellman error on a natural hyperplane - the subspace to which
Vp is restricted. However, in the nonlinear case, the value function is no longer restricted
to a plane, but can move on a nonlinear surface.

More precisely, assuming that Vj is a differentiable function of 8, M = {Vj € RIS |6 €
R™} becomes a differentiable sub-manifold of RIS!. Projecting onto a nonlinear manifold is
not computationally feasible; to get around this problem, we will assume that the parameter
vector @ changes very little in one step (given that the value function is smooth and learning
rates are usually small); in this case, the surface is locally close to linear, and we can project
onto the tangent plane at the given point. We now detail this approach and show that this
is indeed a good objective function.

7.1 Objective function for nonlinear function approximation

The tangent plane PMg of M at 0 is the hyperplane of Rl that (i) passes through Vp and
(ii) is orthogonal to the normal of M at 6. The tangent space T My is the translation of
PMy to the origin. Note that TMy = {Pga|a € R"}, where ®y € RISIX" is defined by
(Pp)s,i = 8%11/]9(3) Let Iy be the projection that projects vectors of (RIS, - ||4) to TMy.
If <I>(;FD<I>9 is non-singular then IIy can be written as

Iy = &g(®, DDy)~'d, D. (72)
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The objective function that we will optimize is:
J(O) = [Hp(T™Vy— Vo)l (73)

This is a natural generalization of the objective function defined by (??), as the plane
on which we project is parallel to the tangent plane at 8. More precisely, let Ty be the
projection to P Mg and let IIy be the projection to T My. Because the two hyperplanes are
parallel, for any V e RISI, T,V — v, = Iy(V — Vp). In other words, projecting onto the
tangent space gives exactly the same distance as projecting onto the tangent plane, while
being mathematically more convenient. Fig. [7|illustrates visually this objective function.

TVy &/Q N

Tangent plane TD(0) solution

Figure 7: The MSPBE objective for nonlinear function approximation at two points in the
value function space. Here T represents a Bellman operator. The figure shows
a point, Vp, at which, J(6), is not 0 and a point, Vp«, where J(0*) = 0, thus
Yo+T™ Vg« = Vi« so this is a TD(0) solution.

We now show that J(#) can be re-written in the same way as done in (Sutton et al,
2000b).

Lemma 1 Assume Vy(s) is continuously differentiable as a function of 0, Vs € S s.t.
d(s) > 0. Let 5(0) = 6(S,A,5;0) =1r(S,A,8) +~40"T4(S") — 0" 4(S) is a sample TD error
for the sample transition (S,S") generated according to policy m, p = w(A|S)/7(A|S), and
(S,6(0), p) be jointly distributed random variables, and assume that E[VVa(S)VVa(S)T] is

nonsingular. Then
J(6) =E[p 6(6) VV5(S)]T E[VVa(S)VV5(S) |7 Elp 8 VVy(5)]. (74)

Proof The derivation of the identity is similar to the derivation of mean-square projected
Bellman objective function for off-policy formulation with linear function approximation
(see Sec.??), except that here Iy is expressed by (72). [ |

Note that the assumption that E[ VVj(S)VVp(S) " ]! is non-singular is akin to the assump-
tion that the feature vectors are independent in the linear function approximation case. We
make this assumption here for convenience; it can be lifted, but the proofs become more
involved.
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Corollary 1 Under the conditions of Lemma |1, J(0) = 0, if and only if Vy is a TD(0)
solution (i.e., if and only if it satisfies E[p d VVp(S)] =0).

This is an important corollary (it is immediate ), because it shows that optimizing the pro-
posed objective function will indeed produce TD(0) solutions. We now proceed to compute
the gradient of this objective.

Theorem 4 Assume that (1) Vp(s) is twice continuously differentiable in 6 for any s €
S s.t. d(s) > 0 and (i) W(-) defined by W () = E[VV,(S) VVé(S)T] is non-singular in a
small neighbourhood of 6. Let 6 = §(0), and (S, 6, p) be jointly distributed random variables.
Let ¢ = VVy(S), ¢ = VVy(S') and

h(0,u) = E[p(5 — ¢ u) V2Vp(S)ul, (75)
where u € R™. Then
—%VJ(Q) = E[p5g] — 1E[p¢'¢" w(8)] — h(6,w(9)), (76)
where w() = E[p ¢ T E[pd¢].

The main difference between Equation and Equation , which shows the gradient for
the linear case, is the appearance of the term h(6, w), which involves second-order derivatives
of Vp (which are zero when Vj is linear in 0).

Proof The conditions of Lemma |l are satisfied, so holds. Denote 9; = %.

From its definition and the assumptions, W (u) is a symmetric, positive definite matrix,
so LW |mpg = — W H(0) (LW |,—g) W1(0), where we use the assumption that LW
exists at @ and W ! exists in a small neighborhood of §. From this identity, we have:

1
—3 [VJ(0)];

=~ (OEI56]) TElooT] Els) — 5 BT 0 (BlooT] ™) Els

= —(OE[pd¢]) 'Elpe' ] E[pdg] + % E[pdg] Elgg" |7 (0iE[¢0 ")) Elog ']~ E[pdg)

= —E[0i(pde)] (Elpo' ] "Elpdg]) + % (E[po" | Elpdd)) " El0i(¢¢")] (Elog ']~ E[pdg]).
The interchange between the gradient and expectation is possible here because of assump-
tions (i) and (i) and the fact that S is finite. Now consider the identity

ST 006T)e = 67e (09T

which holds for any vector x € R™. Hence, using the definition of w,

1

[VJ(0)];

O |

= —E[0i(pd¢)] w + %wTE[@-(Wﬂw = —E[p(0:0)¢ " w] — E[3(9:6 " Ju] + Elo w(die" ).
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Using V6 = v¢' — ¢ and Vo = V2Vp(S), we get

1
~5VJ()

= —Elp(v¢' — ¢)¢ w] —E[(pd — ¢ w) V>V (S)w] = E[p(¢ — 7¢')¢ ' w] — E[(pd — ¢ w)V?V(S)w]
Elp(¢ —7¢')p w] — E[p(d — ¢ w) V>V (S)w].

Finally, observe that

Elp(¢ —v¢")¢ w] = Elp(¢ —v¢")¢]" (Elpo' | 'E[pdg]) = E[pd¢] — E[ype'¢ " w],

where we have used E[p¢ '] = E[pgbng], concluding the proof. [ |

7.2 The nonlinear GTD(0) algorithm

Using the expression derived in Theorem [4] it suggests the following generalization of linear
GTD(0), to the nonlinear case. Weight wy, is updated as before on the “faster” timescale:

Wis1 = Wi + Brpe (0 — ¢ i)y (77)

The parameter vector 6 is updated on a “slower” timescale, either according to

Orr1 = F<9t + aipr {5t¢t — Yhry1(d we) — ht} >7 (78)

where

ht = (6t — & we) VVp, (Sp)wy (79)

and I' : R™ — R"™ is a mapping that projects its argument into a set C', which is a parameter
of the algorithm. Normally, one selects C to be a bounded set that has a smooth boundary
and which is large enough so that the set of TD(0) solutions, U = {0 |E[0 VVp(S)] =0},
is subsumed by C. The purpose of this projection step is to prevent the algorithms’ pa-
rameters diverge in the initial phase. Without the projection step this could happen due
to the presence of the nonlinearities in the algorithm. Note that the projection is a com-
mon technique for stabilizing the transient behavior of stochastic approximation algorithms
(Kushner and Yin, 1997). In practice, one selects C just large enough (by using a priori
bounds on the size of the rewards and the derivative of the value function) in which case it
is very likely that the parameter vector will not get projected at all during the execution
of the algorithm. We also emphasize that the main reason for the projection is to facilitate
convergence analysis. In many applications, this may not be needed at all.

Let us now analyze the computational complexity of these algorithms per update. Here
we assume that we can compute Vp(s) and its gradient with the cost of O(n) computation
which is normally the case (e.g., neural networks). If the product of the Hessian of Vj(s) and
w can be computed in O(n) time in (, we immediately see that the computational cost of
these algorithms per update will be O(n). We show this is normally the case including neural
networks. In the case of neural networks, let Vy(s) = o(6z(s)), where o(a) = m,
then VVy(s) = [Va(s)(1 — Vy(s))] 2 and VZVp(s)w = [Vy(s) (1 — Vy(s)) (1 — 2Vy(s)) 2 w] =,
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where the terms in [...] are scalar. The product of Hessian of V, (s) and wy, in ([79) generally
can be written as V(VVj, (s)Twy), because wy does not depend on ). As a result, because
the scalar term, VVjp, (s)ka, cost only O(n) to compute its gradient which is a vector also
has O(n) complexity. In general the observation that the product of a Hessian matrix and
a vector of size n can be computed with the cost of O(n) is due to (Pearlmutter, 1994).

7.3 Convergence of Non-linear GTD(0) (two-time scales)

Let C(R™) be the space of R" — R" continuous functions. Define operator T' : C(R™) —
C(R™) by

Fo(6) = lim INCESIC))) —9'
0<e—0 €
In fact, because by assumption I'(f) = arg ming ¢ ||6’ —0|| and the boundary of C is smooth,
I is well defined and in particular I'v () = v(#) when 6 € C° and otherwise I'v (0) is the
projection of v(f) to the tangent space of dC at T'(f). Consider the ODE

0 =T(-3VJ)(0). (80)

Let K be the set of all asymptotically stable fixed points of . By its definition, K C C.
Further, for UNC C K (i.e., if 6 is a TD(0)-solution that lies in C then it is an asymptotically
stable fixed point of (B0)).

The next theorem shows that under some technical conditions, the iterates produced
by nonlinear GTD(0) converge to K with probability one. Thus, apart from the projection
step, the algorithm converges to the stationary points of the objective function J(#), which
is the best result one can in general hope when using a stochastic gradient algorithm with
a non-convex objective function.

Theorem 5 (Convergence of nonlinear GTD(0)) Let (St, Rey1, St+1)t>0 is a station-
ary Markov process sequence genemted according to the fixed policy w. Consider the non-
linear GTD(0) iterations ([77)), (7 . With positive deterministic step-size sequences that
satisfy Y poo 0t = D poo Bt = 00, Yoo @2, Doy B7 < 00 and 3 — 0, ast — co. Assume
that for each s € S such that u(s) > 0 (p represents the state distribution), for all 6 € C,
Vo (s) is three times continuously differentiable. Further assume that for each 6 € C, E[qﬁwﬁe ]
is nonsingular. Then 0, — IC, with probability one, as t — oo.

Proof Just like the proof of convergence for linear GTD(0), for simplicity, let us use
index k instead of time-step ¢ and Let (S, R, S},) be a random transition whose law is the
same as the law underlying (St, Rit1, St41)e>0. Further, let ¢p = VVp(S), ¢ = VVp(S5'),
dr = Vi, (Sk), and &}, = VVp, (S}).

We begin by rewriting the updates - as follows:

Wiy 1 = W + Br(f (O, wr) + My1), (81)

Or1 =T (0k + ar(9(0k, wi) + Niy1)), (82)

where

FOrswr) = Elprordr|0r] — Elpsdrdp [0k]we,
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Miy1 = pil(0k — dp wi) i — f(Or, wy),
9Ok, wi) = E[Pk (5k¢k — B bh wi — hk) |0, 'wk] ;
Nip1 = pr(0kdn — Y630 wi — hi) — (O, wi).
We need to verify that there exists a compact set B C R?" such that (a) the functions

f(6,w), g(0,w) are Lipschitz continuous over B, (b) (M, Gk), (Ng,Gi), k > 0 are Markov
noise sequences,

where Gy, = o(ri, 0;,w;, si,1 < k; st,i < k), k > 0 are increasing o-fields, (c) {(wx(0),0)}

) 99

with wy(6) obtained as 6;(0) = R +vVp(S},) — Vo(Sk), ¢r(8) = VVa(Sk),

w1 (8) = wi(0) + Bupn (96(0) — 6k(0) Twr(6) ) 91 (60)

almost surely stays in B for any choice of (wg(6),0) € B, and (d) {(w,0)} almost surely
stays in B for any choice of (w,fp) € B. From these, thanks to the conditions on the
step-sizes, standard arguments (c.f.

) allow us to deduce that 6 almost surely converges to the set of asymptotically stable
fixed points of '
0 =TF(0),

where F(0) = g(0,wp). Here for 6 € C fixed, wp is the (unique) equilibrium point of

W = E[pbg¢g] — E[gcg w, (83)

where dp = R + vVp(S") — Vp(S). Clearly, w(f) = E[gbgqﬁ(;r]_l E[pdggy|, which exists by
assumption. Then by Theorem [add REF] it follows that F(f) = —3 V.J(f). Hence, the
statement will follow once (a)—(d) are verified.

Note that (a) is satisfied because Vj is three times continuously differentiable. For (b),
we need to verify

Condition (c) follows since, by a standard argument (e.g., similar to the convergence of
linear GTD(0)), wg (@) converges to w(f), which by assumption stays bounded if 6 comes
from a bounded set. Now for condition (d), note that {6} is uniformly bounded since
0, € C, Vk, and by assumption C is a compact set. |

7.4 Empirical results

To illustrate the convergence properties of the algorithms, we applied them to the “spiral”
counterexample mentioned in Section originally used to show the divergence of TD(0)
with nonlinear function approximation. The Markov chain with 3 states is shown in the
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Figure 8: Empirical evaluation results for spiral counterexample. The selected parameters
for GTD2 ( see Maei et al., 2009), are & = 0.8 and § = 0.1.

Figure |8l The reward is always zero and the discount factor is v = 0.9. The value function
has a single parameter, 6, and takes the nonlinear spiral form

Vo(s) = (a(s) cos (A0) — b(s) sin (;\0)> el

The true value function is V' = (0,0,0)T which is achieved as § — —oo. Here we used
Vo = (100,—-70,—30)", a = Vo, b = (23.094,—98.15,75.056) T, A = 0.866 and ¢ = 0.05.
Note that this is a degenerate example, in which our theorems do not apply, because the
optimal parameter values are infinite. Hence, we run our algorithms without a projection
step.

We also use constant learning rates, in order to facilitate gradient descent through an
error surface which is essentially flat. For GTD(0) we used o = 0.5, 8 = 0.05, For TD(0)
we used a = 2 x 1073 (as argued by Tsitsiklis & Van Roy (1997), tuning the step-size does
not help with the divergence problem). All step sizes are then normalized by ||V9TDd%V9H.

Figure [8) shows the performance measure, v/.J, as a function of the number of updates
(we used expected updates for all the algorithms). GTD(0) converge to the correct solution,
while TD(0) diverges. We note that convergence happens despite the fact that this example
is outside the scope of the theory.

The nonlinear GTD(0) has the same form as nonlinear TDC (Maei et al., 2009) on
on-policy problems, and its performance has been assessed on 9x9 computer Go (see Maei,
et al., 2009).

8. Multi-step gradient TDL

[to derive GTD(\) and GQ()) we need to do forward-view/backward view and do derivation
concisely because it share many parts of derivations for for GTD(0) and GQ(lambda). also
we need to define | Before presenting the algorithms such as TD/RG, GTD and GQ, we
remind our notation ¢ = ¢(St).

40



8.1 Forward-view objective function based on importance weighting

Let us define the following A—weighted return function:
G(0) = Rep1 + [(1 — N0 Gy + )\Pt+1GZ\£1(9) ;

where Al S
= Yorla| S, o= TS

a

and let

57(0) = G2 (0) — 07 . (84)

The next Theorem shows P76, (0)¢; (see Eq. [108) can be replaced by E{ég\ r (9)¢t]

Theorem 6 (Off-policy TD with important weighting) Let 1 and w denote the behavior and
target policies, respectively. Consider 6{(6), (55")(0) defined in equations ([109) (84). Then,

PI62(0)6r = E[5°(0)r] (85)

Proof
We show this by expanding the right-hand side

E[G?P(e) 1S = s, Ay = a]
= E[Rtﬂ + 7 ((1 — N0 Gy + >\Pt+1GtAf1(9)> | St =s,Ar = a}
= E|:Rt+1 +v(1 - A)0T$t+1 | S¢ =5, A = a,w]
+7AE [Pt+1GtA£1(9) | Sp=s,Ar = a}

= E[R,H_l + ’}/(1 — /\)GT@H]S} =s5,A; = a,ﬂ'}

m(a' | s")
= E[Rt-l-l (1 =N)0 hy1 | Sp =5, A = aﬂf]

+ZP(S' | s,a)m(a’ | s )YAE [G?ﬁl | Spp1 =8, A1 = a’}
s'a’

! / / W(a/‘sl) Ap 0 o
+> P(s' [ 5,0) Y w(d | )= ARG (0) | Sepr =5, Ay =a

a/

= E|:Rt+1 + ’Y(l — )\)eTa)t+]_ + ’YA]E [G?ﬁl(a) | St+1 = S/, At-i—l = CL/:| | St = 8, At = CL,7Ti| s

which, as it continues to roll out, gives us E[G?p(ﬁ) | Sp = s, A = a} =E[G}0) | S; = s, A = a, 7],

and, eventually it yields E {5? ’ (9)@} = PT5}(0)¢r, because the state-action distribution is
based on behavior state-action pair distribution, d. |
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Therefore, from Theorem [6] the forward-view objective function (108)) can be written
as:

J0) = E[5*0)] Elss) B3 (0)0]. (36)

8.2 Backward-view objective function

In this section, we transform the TD forward-view to a mechanistic backward-view. To
do this, we propose the following theorem, which provides a great tool for forward-view to
backward-view transformation.

Theorem 7 (Equivalence of TD forward-view and backward-view) The forward-view de-
scription of TD update is equivalence to the following mechanistic backward-view:

E[57(0)¢1] = E0u(0)ed] (87)

where 5{\”(0) is defined in Equation , 6+(0) = Ryy1+70" ds1 — 0" by, and e is eligibility
trace vector at time-step t, and has the following recursive update:

et = ¢ + YApres_1- (88)
Proof Consider
G(0) = Ripa+v {(1 — N0 Gri1 + >\Pt+1G?£1(9)}
= [Rt-‘rl +(1 - )‘9T¢;t+1] +’7)‘Pt+1GtAJ€1(9)

(Rt+1 + 0 ¢t+1) — AT prp1 + 7)‘Pt+1G?—£1(0)
<Rt+1 + 90" Gri1 — 0"y + 0T¢t> — A0 ri1 + ’Y>‘Pt+1GZ\J€1(9)
= <5t 0) + 9T¢t) YN T iy + 7>\pt+1Gt+1(9) +YApr+1 <9T¢t+1 - 9T¢t+1)

<5t 9) + 9T¢t) +YAPi41 (G?ﬁ(@) - 9T<15t+1> + A <Pt+19T¢>t+1 - 9T<5t+1>

<5t () + 9T¢t) + Y ApL41077(0) + YA (Pt+19T¢t+1 - 9T<5t+1) ;
thus,

5°(0) = GY(0) -0
= 6(0) + Y Ap1416,7(6) + ¥\ (pt+19T¢t+1 - 9T¢3t+1) :

Note that the last part of the above equation has expected value of vector zero under the
behavior policy because E[p;¢y | St = >, m(a | St)$(St,a) = ¢;. Putting all these together,
we can write the TD update (in expectation) in a simple way in terms of eligibility traces
which leads to backward-view:

E |56
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= E [(& + 7)\Pt+15£\f1) ¢t} + E[’Y)\HT (prr1de41 — dr1) ¢t}

= E[6¢] +E [7/\Pt+15?—£1¢t} +0

= ElSid] +E[r s 6, 1]

= E[6:¢¢] + Ep[vApt (5t + 7)‘pt+15t>\—|[—)1 + AT (pr16e1 — 1) >¢t71]
= E[0:¢¢] + E[yAptdsdi—1] + E [’V)‘pt'}’/\pt-&—léyt)\fl(ﬁt—l} +0

= E[0 (¢t + vApidi—1)] + E ['7>\t71pt71'7)\pt6t)\p¢t72}

_ E; [& (¢t T VAL VAPV A1 P12 + - )]

= E[dtet] ’ (89)
where e; = ¢ +yA\prer—1, which gives us a backward view algorithm for the TD(\) update.
|
8.3 Stochastic gradient-descent derivation
Now from Equation and Theorem |7 we get
J(6) = E[u(0)er] " Elged ] E[5(0)er].
Following the derivation of GTD()), we get:
1 - -1
SV = —E[(1611 - 60) ] | Elowe! ] EB8)e]. (90)

We use the following identity:

E [qzﬁteﬂ = _cbt(cf)t + W\Ptetfl)q
:¢t¢;r +’Y)\Pt¢t€ttl]
:qbtqth + ’7)‘Pt+1¢t+le:]

O, +’Y)\43t+16ﬂ ,

Il
E & &# #H

where we have used E[ptﬂgbtﬂeﬂ = E[Q_Stﬂeﬂ.
Thus, from above and Equation , we get

—%VJW)
= —E[(1041 — 1) ] | Eltng] ] E[8(0)er]

= fEWme? - ¢t€tT] E[Gﬁt@f):]_lE[fst(e)@t]
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= —E[1berie] — (0] +97deae] )| Elono] ] Elor(0)el

= —E[y(1- Ndrel — éno] | Eloie! | Elon(0)ed

= E[0:(0)es] — E[’Y(l - /\)<5t+1eﬂ E(¢id; | E[5:(6)er]

= En(0)e] ~E[y(1 - Nrrel | w(6), (91)
where w(0) = E[¢d) | E[5:(0)ey].

Thus, by direct sampling from the above gradient-descent direction and weight-duplication
trick we get:

Opr1 = 0 + Ly [5t€t —y(1 - /\)&t—kl(e:wt)}?

Wit1 = wy + Py [51;61& - (w:@)@} ;

where positive Z; weighted are added based on our discussion on TD solution (see the
GTD(\) algorithm).

Convergence remarks: Convergence analysis of GQ(\) is similar to GTD(0) (see the
convergence remarks for GTD())in Section [8.7).

The GTD()\)algorithm By direct sampling from Equation ... and following we get the
GTD(\)algorithm :

Oiy1 = oy [5t€t —y(1 - A)(ejwt)(lst—&-l} ; (92a)

w1 = B [5t€t - (w;@)qﬁt] ; (92b)

where oy, B are positive step-sizes at time-step t, §; refers to TD error at time t, py =

W(St,At)
(SC A and

€t = Pt ((bt + VAet—l) 5

[In Algorithm [2) T have used I; > 0, which represent a weight for the importance of
state(s) at time ¢. I'm not sure, we should put it here.]

Eligibility traces are essential for TD learning because they bridge the temporal gaps in
cause and effect when experience is processed at a temporally fine resolution. In previous
sections we discussed one-step TD prediction. Several important properties of eligibility
traces are as follows: 1) They make TD methods more like efficient incremental Monte-
Carlo algorithms. For example, in TD(A), A € [0, 1] refers to eligibility function and is
equivalent to Monte-Carlo methods when A = 1, 2) They are particularly of interest when
reward is delayed by many steps, thus, by adjusting A function we may get faster and
efficient learning. For further detail description of eligibility traces we refer the reader to
Sutton & Barto (1998).
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Algorithm 2 GTD(\)with linear function approximation

1: Initialize wq to 0, and 6y arbitrarily.

2: Choose proper (small) positive values for a, 3, and set values for v € (0,1], X € [0, 1].
3: Repeat for each episode:

4: Initialize e = 0.

5. Take A; from S; according to u, and arrive at Sii1.
6: Observe sample, (¢, Ri11, ¢1+1) at time step ¢.

7: for each observed sample do

8 0 Rey1 + 70/ dr1 — 0/ ¢y

o: meﬁﬂg.

10: e < pg (P +yAe—1).

11: 9t+1 — 0; + oy [5,56,5 — "}/(1 — )\)(e;rwt)qﬁtH] .
120wy < wy + BL [51&61& - (¢:wt)¢t]-

13: end for

8.4 Problem formulation and objectives

Without loss of generality we use linear value function approximation— similar analysis
can be used for the nonlinear setting. We define the A-return (function) according to

GMV) = Repa +7 [(1= NV (Se41) + 2G|

where A € [0,1] is a constant eligibility trace parameter. For the table-look up case, a A-
weighted version of the Bellman equation follows from MDP property, which can be written
as:

V7(s) =E[GMV™) | St = s,7| = (T™V7)(s),

where T™ is called the A-weighted Bellman operator for policy 7. For detailed description
of A\-weighted Bellman equation we refer the reader to Tsitsiklis and Van Roy (1997).

Our objective is to find off-policy TD-solution, #, which satisfies Vy = IT™Vp (II is
defined in Equation (?7?)), while the data is generated according to a behavior policy T,
with state distribution d, that is, s ~ d(.).

Objective function We consider the following mean-square projected Bellman-error
(MSPBE) objective function:

J(0) = (Vo —OT™ V|3 (93)

Let us, first, consider the following definitions and identities. We start with the following
definitions: ¢; = ¢(Sy),

GB) = Rupr +7 [ (1= 00T 6r11 + 2G4 (6)] (94)

5)(0) = GMO) — 07 ¢y, PIONO Zd E[5}0)]S: = 5,7 (). (95)
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where P7 is an operator. And now consider the following identities:

E[620)IS: = 5,7] = (T™Vs = Vy)(s), E|ons/ | =@ Do,

PisrO)o, = ®7D(T™V—Vy),

where D and ® are defined in Sec. 77. Using the above definitions and identities and
following, we have:

T(0) = |[Ve — IT™ V|2 = (P36 (0)ér) "Elded{ | (PF6)(8)r)- (96)

Practically, there are two major issues with the objective function : 1) The expecta-
tion term is with respect to the policy m, while the data is generated according to behavior
policy 7, 2) We cannot estimate forward-view TD error as it needs future data. We call the
above objective function forward-view objective function.

To overcome the first issue, we use importance-weighting scenario (also see Sec ?77).
In the next section, we show how to use importance weighting, and show a forward-view
objective function whose expectation terms are with respect to behavior policy w. Later,
we use the mechanistic TD backward-view to deal with the second issue.

8.5 Forward-view objective function

The expectation TD update term in J(#), is with respect to target policy w. In order to
convert it to 7, we need to use the notion of importance sampling. After we conduct this
step, we will show how to transform the forward-view TD update terms into mechanistic
backward-view.

Importance-weighting: First, let us introduce the following recursive A—return equa-
tion at time t,

G (0) = pr (rev + [(L= N drir + 2G4 (6)]) (97)
which is based on the likelihood ratio
B 7T(At ‘ St)
Pt = 7T(At ‘ St) (98)
Let
50(0) = GY(0)—0T ¢y, (99)

then according to the following theorem we have P76 (0)¢; = E{é? ’ (G)gbt}.

Theorem 8 (Off-policy TD with importance weighting) Let m and w denote the behavior
and target policies, respectively. Consider 6;(6), (5;\”(0) defined in equations (99).
Then,

Pyo6)60 = E[57(0)6] (100)
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Proof
We show this by expanding the right-hand side

E[G(0) | Si=s] = E[p (Bit +79(1= N0 6011) +pidGi(0) | Si = 3]
= E[Pt (Rt+1 + (1 - A)9T¢t+1) | S = 5} + pryAE {G?ﬁ(@) | S¢ = 8}
— E[m+1 F (1= N0 drar | Si = s, w}

LY P |5, a)(a | 5)e)

wa] )
= E[Rtﬂ (1= N0 ppy1 | S = S,W}

+ZP(S/ | s,a)m(a| s)YAE [Gi‘lf(&) | Spi1 = s’]

YAE {Gtﬁ’f(@) | St1 = 3'}

= E[Rt+1 + (1 = N0 pri1 +YAE [G?j’f(@) | Sty1 = S,} | S = s, W} ;

which, as it continues to roll out, gives us E[Gi‘p(é’) | S; = 5} =E[G}N0) | S; = s,7]. And,

eventually we get E[éf‘ r (Q)gbt} = P75} (0)¢r, because the state-distribution is based on
behavior state-distribution, d. |

Now using the above theorem, the forward-view objective function , can be written as
Ap T Tr—1m [ Ao
J(0) =E[5°(0)6:] Elono] | 'E[5(0)en] (101)

8.6 Backward-view objective function

The forward-view objective function is a function of E[&f‘ P (9)@}, which is not practical

to estimate because it depends on future data. The following theorem, however, makes it
possible through a mechanistic backward-view.

Theorem 9 (Equivalence of the TD forward-view and backward-view) The forward-view
description of TD update is equivalence to the following mechanistic backward-view:

E[57(0)0:] = Els(0)e (102)

where (5t)‘p(0) is defined in Equation (99), 6:(0) is the conventional TD error, 6;(0) = Re1+
VO i1 — 0T ¢y, and e; is the eligibility trace vector at time-step t, and has the following
recursive update:

er = pt (Pr +yAep—1) . (103)

Proof Consider
GYO) = p (Rt+1 +7 [(1 — N0 ri1 + AG?ﬁl(H)])
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thus,

= pt (Rt+1 + 90 ppp1 — 0"y + 9T¢t) — oYM Brpr + Py AGLIL(6)
= Pt (Rt+1 + 90" i1 — 9T¢t> + 00" r + pryA (GZ\XT( ) — 9T¢t+1)
= pe8e(0) + 8 b1 + pry NS, L(0),

50) = G(0)—0
= p61(0) + pi0 by + pt7A5t+1( )— 6"
= 8u(8) + (e — 1)8" &1 + py A (9).

Also, consider the following identity:

El—pTa] = Saintals) (1- L) o ots)000
= X (Z als) - Zw<a|s>>e%<s>¢<s>
. Zd 07 6(5)6(5)
— o,

and consequently, E[(l - pt)9T¢t¢k] =0, for k < t.
Putting all above together, we get:

E [5?

where e; = pi(dr + yAer—1) .

(6)1)

E|pu0u(8)61 + (pr = 1)07 61 + pry Y, (0)01]
Elpi6i(0)6e] + 0+ Ex | pryAdf (0)6r )
Pt5t(9)¢t + Pt—l'Y)\(s;\pfbt—l}
6, °(0) ¢t + pr—17A (Pt5t(9)¢t +(pe—1)07 ¢y + Pt’Y)\5?f1(9)¢t> ¢t—1}
Pt5t(9)¢>t + pr—17A (Pt<5t(9) + oA (6 )) ¢t—1]
pt5t(9) (P + pr—17APr—1) + pt—wprmtAﬁ(@)@q]
( )

pt5t 0) (pr + Y Apr—11—1) + Pt727/\,0t'7)‘5t)\p(9)¢t72}

ﬁﬁﬁﬁﬁ

E[6:(0)pt (91 + pr—17Ab—1 + pr—2YApt-17AGr—2 + -+ )]
E[6:(0)ed] , (104)
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8.7 Derivation of the GTD(\) algorithm
Now from Equation (101)) and Theorem [9] we get

J(0) = E[5,(0)e,] " Elgr/ ] "E[5:(0)er]
Just like derivation of GTD(0), first, we compute the steepest-descent direction of J(6) is

—%VJW)
= V(EB@)] [@m E[5,(6)er])

= —VE|5(0)e] | Eloia/] Elor(0)e]
= —E[(7¢t+1 — ¢t) etT] E[Cf)ﬂf’:]_ E[d¢(0)e:] -

We use the following identity:
E{@e?] = K :¢tﬂt<¢t + 'Y)\et—l)T}
= E :¢tpt¢tT + ¢t’Y)\€tT—1}
E :(btptﬂﬁ;r + ¢t+1pt7)\€ﬂ
= E :@@T + <Z5t+1’Y/\€tT] )
where we have used shifting indices trick and the following identities

E{ﬁbtl)@ﬂ = E[gbt@f)ﬂ ; E[¢t+1ﬂt7)\€ﬂ = E[@HWMH .

Thus,
“E|(v6ri1 - dr)el | = E|ydrie] — e |
= —E[yorae] — (40] +oramae] )]
= B[] — (1= Nerne] |-
Using the above identity, we get
—%VJ(H)
= —E[(véi1 — d0)e] | Elons] ) ELS, O
= E[¢0 — (1= Noere] | Elpig!] EIS <>et1
= E[5(0)e] ~E[y(1 = Norael | Eli] | Elbi(6)e]
= E[(0)ed — E[y(1 = Nouae! | w(0), (105)
where w(0) = Elpid/ ] E[5(0)er).
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The GTD(\)algorithm By direct sampling from Equation (105]) and following the GTD(0)
derivations steps we get the GTD(\)algorithm’}

Orr1 = [5t€t — (1 - )\)(etth)ﬁth} : (106a)

wipr = B [5t€t - (w:@)qﬁt] ; (106b)

where
Ot = ros1 + Yes10) Gr1 — 0] b1,

et = pi (or + yAet—1) ,

p _ 7T(At | St)
CTR(AL] S

The off-policy TD algorithm, GTD(0), that we have discussed so far always has been
weighted by the agent behavior distribution. This weighting, although seems natural, but
can change the quality of TD fixed point (see Kolter, 2011 ). However, by addicting a
desired weighted function (as a function of data), GTD(0) can be easily generalized to the
cases where it can cover variety of solution as has been discussed in Precupt et al. (2001)
and Kolter (2011). Algorithm [3| shows how to do this by addicting a term Z; € Ry in the
update, which can be some cumulative product of weights (Precupt, 2001) or some desirable
state-occupancy weight based on history of observed data.

Algorithm 3 GTD(\)with linear function approximation

1: Initialize wq to 0, and 6y arbitrarily.

2: Choose proper (small) positive values for «, 3, and set values for v € (0, 1], A € [0,1].
3: Repeat for each episode:

4: Initialize e = 0.

5. Take A; from Sy according to m, and arrive at Syi1.
6: Observe sample, (¢, Rii1, ¢r41) at time step ¢.

7. for each observed sample do

8  Op +— Rep1 + 79,5T¢t+1 - 9;@-

%P

10: ep < pr (O + yAer—1).

11: 9t+1 — 0; + oy [6tet — ’)/(1 — )\)(ejwt)@ﬂ] .
122wy < wy + BL [5t€t - (¢;rwt)¢t]-

13: end for

Convergence remarks: Just like the convergence of GTD(0) in Section ?7, it can
be shown that GTD(\) is guaranteed to converge under standard conditions and proper
choice of step-sizes. Please note addicting the positive weights (Z;) does not change

3. Note, GTD(A)is named after GTD(A) in Maei (2011).
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the convergence proof as the objective function for this case would be in the form of
J(0) = E[Itétet]TE[Itqﬁtqbﬂ*l E[Z0:e:] (note I, can be a function of generated data in
the past, that is, history.).

8.8 GQ

Analogous to state-value functions, we define the A-return for action-value functions:

GHQ) = Revr+7 (1= NQSk1, Avin) + A0 (Q)] (107)

where Q(s,a) denotes the value of taking action a from state s, v € (0,1], and X € [0, 1].
Under MDP assumption, for every entry of state-action pair we get the following A-weighted
Bellman equation for action-value functions:

Q7(s,0) = Eg|GHQT)| St = 5,4 = a,7| = (T™Q7)(s,0),

where T7™ is a A-weighted state-action version of the affine Bellman operator for the target
policy .

To estimate action-value functions, we use linear function approximation, where ) ~
Qg = PO is the vector of approximate action values for each state—action pair (s,a) € S x A,
and ® is the matrix whose rows are the state-action feature vectors ¢(s, a)T € R4,

Following our approach for derivation of GTD(\)in Section we consider the follow-
ing projected Bellman-error objective function:

J0) = Qs ~ T Qoll3 = (PI}0)6:) Elowo! ] (PIR)O)8).  (108)
where 6} denotes A-weighted TD error at time ¢:
5. (0) = G2 (0) = 0" 6, (109)
and G (9) is
GNO) = Resi+7 (1= 00" 611 +2AG(0)] (110)

where ¢ = ¢(Sy, Ar).
In the next section, first, we introduce the GQ(X) algorithm, whose learning parameter
is updated along the stochastic gradient descent of the above objective function, J(#).

8.9 The GQ()\) algorithm

First, we specify the GQ()) algorithm as follows: The weight vector § € R" is initialized
arbitrarily. The secondary weight vector w € R" is initialized to zero. An auxiliary memory
vector known as the eligibility trace e € R" is also initialized to zero. Their update rules
are

Orr1 = 0+ oy [5t6t — (1 = N)(w/ er) i1, (111a)
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W1 = Wi+ By |drer — (thQZst)@ ) (111b)

where 7, is a desirable positive weight (see the GTD(\) algorithm),

et = ¢ + Y prei—1, (112)
6t = Rey1 + 70, ¢ri1 — 0] ¢y, (113)
b= m(alS)é(Sh,a), (114)
p _ 7T(At | St)
CT R4S

where ¢, is an alternate notation for ¢(S¢, A¢), and ay > 0, 5 > 0, are positive step-size
parameters for § and w weights respectively.

In the next section we derive GQ(A) based on gradient-descent in projected (A-weighted)
Bellman error objective function.

Algorithm 4 GQ(\) with linear function approximation

Initialize wq to 0, and 6y arbitrarily.
Choose proper (small) positive values for «, 8, and set values for v € (0,1], A € [0, 1].
Repeat for each episode:
Initialize e = 0.
Take A; from S; according to 7, and arrive at Syi1.
Observe sample, (S;, Ri+1,Si+1) at time step ¢ (with their corresponding state-action
feature vectors).
7. for each observed sample do
Gr+1 < D, m(a| Ser1)d(Stt1,a).
8t = Riy1+70) ¢ri1 — 0/ b
10: pp zgjiigg
11 e ¢+ pryrer—1.
12: 9t+1 — 0; + oy [(5,56,5 — "}/(1 — A)(e:wt)qgt+1} .
13: wpyy — wy + B [51&61& - (¢:wt)¢t]-
14: end for

8.10 Derivation of GQ())

To derive GQ(A), we follow the GTD(\) derivation steps (for simplicity, first, we assume Z;
functions are one).

9. Focusing/views of off-policy TDL
10. Hybrid TDL

11. Conclusion
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12. Popular counterexamples for TD(0) with function approximation

In this section we present some of the well known counterexamples that demonstrate the
stability problem of TD(0) with function approximation.

Baird’s Off-policy Counterexample Consider the 7-star version of the “star” coun-
terexample (Baird, 1995; Sutton and Barto, 1998). The Markov decision process (MDP) is
depicted in Fig. The reward is zero in all transitions, thus the true value functions for
any given policy is zero. The behavior policy, in this example, chooses the solid line action
with probability of 1/7 and the dotted line action with probability of 6/7. The goal is to
learn the value of a target policy that chooses the solid line more often than the probability
of 1/7. In this example, the target policy choose the solid action with probability of 1.

Value functions are approximated linearly. Both TD(0) and dynamic programming
(with incremental updates), however, will diverge on this example; that is, their learning
parameters will go to +oo as is illustrated in Fig.

Now, we turn into the stability issues of TD methods in conjunction with nonlinear
function approximation. Despite linear TD(0), nonlinear TD(0) can become unstable and
diverge even under on-policy training. The spiral counterexample, due to Tsitsiklis and
Van Roy (1997), shows divergence of nonlinear TD(0) under on-policy training.

Spiral Counterexample (Tsitsiklis & Van Roy, 1997): Consider the Markov chain
with 3 states as is shown in the left panel of Fig.[9] All state-state transitions are with proba-
bility of 1/2, the reward is always zero, and the discount factor is v = 0.9. The parametrized
(approximate) value function has a scalar parameter, 6, and takes the nonlinear spiral form

Vo(s) = (a(s) cos (M) — b(s) sin (;\0)> el

The true value function is V = (0,0,0)", which is achieved as § — —oo. The right panel of
the figure, demonstrates the value functions for each state; each axis corresponds to value
function for a given state. As is illustrated in Fig. [J[c), the learning parameter 6 diverges
using nonlinear TD(0). Note, here we have used the expected TD(0) update in the plot to
illustrate how the 6 parameter evolves under TD learning.

Restricted features: Here, we provide our a counter-example with restricted features.
The purpose of this counter-example is to demonstrate that convergence, most likely, can
not be guaranteed with restricted features; that is, one can find a target policy for which
the learning parameters can divergence. Fig. , shows a very simple example that TD(0)
diverges. One can think that by restricting the features of the next states one can guarantee
the convergence of TD(0). In Fig.[10p, the norm of each feature as well as the size of feature
vectors for the next states are less (or equal) than the starting states. However, TD(0) still
diverges for this example. Similar counterexamples can be found with binary features with
restricted next-state sizes.

Binary features with equal norm: Just like tabular features, one might think, binary
features with the same norm possibly would guarantee the convergence of TD learning.
Fig. demonstrates an example that refutes this idea. If we write the expected TD(0)
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Figure 9: Spiral counterexample, which shows the divergence of nonlinear TD(0) under
on-policy training. Panel a) shows the MDP problem with transitions and
panel b) shows how the value functions evolve. Panel ¢) shows the learn-
ing parameter diverges to infinity. The parameter is updated according to ex-
pected TD(0) update (approximate dynamic programming style). Here, we used
Vo = (100,—70,-30)", a = Vy, b = (23.094, —98.15,75.056) T, A = 0.866 and
e = 0.05.

01 + 0 01

M 01+ 2602 65
p=12 OO

Figure 10: Restricted features. Panel a) shows a simple example for which TD(0) diverges.
Here, the agent experience only one sample transition at every time step and the
reward is zero. The value functions are shown on the top of each state (features
are 1 and 2, respectively). Panel b) shows an example with restricted features
and each sample transition is observed with probability of 1/2. Reward is zero
for all these examples.

update in the form of E[§(0)¢] = —AO + b, then the real part eigenvalues of matrix A are
—0.5 +2, +2.75 and 42.75. Because one of the real part eigenvalues is negative then it
makes the linear system unstable and does the TD(0) iterate diverges.

13. Several Proposed Approaches for Solving the Stability Problem of
TD Learning

Several approaches to the stability problem in reinforcement learning have been proposed,
but none have been satisfactory in many ways; they do not satisfy our four desirable al-
gorithmic features. (Also, as we mentioned, there has been several ideas for constraining
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Figure 11: Binary features with equal norms. The value function of each state is shown with
respect to its learning parameters. Here, we consider binary feature vectors with
have equal norm. Just like example demonstrated in Fig. TD(0) diverges for
this example.

features, such as choosing binary feature vectors for each state with equal norm, and one
always can find a counterexample for such forms of feature construction.)

One idea for retaining all four desirable features is to use cumulative products of target-
to-behavior-policy likelihood ratios to re-weight TD updates. In principle it uses cumu-
lative products of importance-weightings (likelihood ratios) over the data trajectory. In
other words, at any given time ¢, the TD update is re-weighted by cumulative products of
importance-weighting ratios up to time ¢, so that its expected value is in the same direction
as on-policy update according to the target policy (Precup et al., 2000; 2001). Convergence
can sometimes then be assured by existing results on the convergence of on-policy methods
(Tsitsiklis and Van Roy 97; Tadi¢ 2001). However, the importance-weighting weights are
cumulative products of many target-to-behavior-policy likelihood ratios, and consequently
they, and the corresponding updates, may be of very high variance.

The use of “recognizers” to construct the target policy directly from the behavior policy
(Precup et al., 2006) is one strategy for limiting the variance; another is careful choice of
the target policies (Precup et al., 2001). However, it remains the case that for all of such
methods to date there are always choices of problem, behavior policy, and target policy for
which the variance is infinite, and thus for which there is no guarantee of convergence.

The residual gradient (RG) method (Baird, 1995) has also been proposed as a way of
obtaining all four desirable features. However, as we explained in Section 7?7 it has some
fundamental drawbacks.

Gordon (1995) and others have questioned the need for linear function approximation.
He has proposed replacing linear function approximation with a more restricted class of ap-
proximation, known as averagers, that never extrapolate outside the range of the observed
data and thus cannot diverge (see also Szepesvari & Smart, 2004). Rightly or wrongly, aver-
agers have been seen as being too constraining and have not been used on large applications
involving online learning. Linear methods, on the other hand, have been widely used (e.g.
Baxter, Tridgell & Weaver, 1998; Schaeffer, Hlynka & Jussila, 2001).

55



Linear function approximation is most powerful when very large numbers of features are
used, perhaps millions of features (e.g., as in Silver et al., 2007). In such cases, methods
with O(n) complexity are required.

The stability problem of TD methods in conjunction with nonlinear function approxi-
mation is more severe, and nonlinear TD methods can diverge even for the case of on-policy
learning (Tsitsiklis and Van Roy, 1997). There has been little work on addressing this
stability problem, and proposed methods either are restricted to particular conditions or
only partially solve the problem. For example, the Bridge algorithm by Papavassiliou and
Russell (1999) uses a variant of TD learning and is convergent with nonlinear function
approximation. However, it is a complex algorithm with high computational complexity,
which hampers its practicality and also it does not have all of our four desirable algorithmic
features.

14. General Value Functions

In this section we extend GQ(A) and GTD(\), which we developed in the previous sections,
to a more general settings, including general value functions (GVFs), terminal-reward func-
tions (outcomes), and allow policies to terminate at any given state with a termination
(probability) function. The GVF's are introduced in Sutton et al. (2011) (also see Maei &
Sutton, 2010; Maei, 2011).

In standard RL, the most common type of prediction is the expected total or discounted
future reward, while following a policy. However, rewards could also be represented in the
form of transient signals while acting—transients are a measure of what happens during
the trajectory rather than its end. We denote the transient signal r : S x A — R (note, we
will show random variable with capital letters).

The second type of prediction is the expected outcome of policy upon its termination.
We call this function the outcome target function, or terminal-reward function, z : S — R,
where z(s) is the outcome that the agent receives if the policy terminates at state s.

Finally, the prediction could conceivably be a mixture of both a transient and an out-
come. Here we will present the algorithm for predictions with both an outcome part z and
a transient part r, with the two added together. In the common place where one wants only
one of the two, the other is set to zero.

Now we can start to state the goal of learning more precisely. In particular, we would
like our prediction to be equal to the expected value of the outcome target function at
termination plus the cumulative sum of the transient reward function along the way. Thus,
conventional action-value functions are defined in the following general form

Q™(s,a) =E[Rip1 + Rijo+ -+ Ry + Zygi | St = 5, Ay = a,m,7], (115)

where v : § — [0,1] is a discount function representing the probability of continuing to
evaluate policy 7 from a given state, Q7 (s, a) denotes action value function that evaluates
policy 7 given state-action pair s, a, and its termination probability 1 —~(s). We call these
action-value functions, general value functions (GVFs).

Our definition of GVFs does not involve discounting factor, as policies will terminate
after some finite time—due to termination probability function 1—~. Later we will see that
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~ function can be interpreted as discounting factor—(s) indicates probability of continuing
policy, 7, from state s.

The Equation (115) describes the value functions in a Monte Carlo sense, but of course

we want to include the possibility of temporal-difference learning. To do this, first we re-
write the Equation (115) in the following bootstrapping form, which is derived under MDP
assumption:

Q"(s,a)
= E[Rp1+Rpo+ -+ Rigp + 241 | St = 5,4y = a,m,7]

= Y P(ss.a) |r(s,a.8") + (1= (s))2(s) +7(s) Y w(a’ | )Q(s', )

a/

(T7Q)(s,0a), (116)
~ Qols,a) =0"¢(s,a) (117)

where T™ has the form of Bellman operator for any given state-action pair, thus, we call
the above equation a Bellman equation.

In the next section we show how to learn the parameter vector 6 through a gradient TD

method.

14.1 GQ()) for Learning GVFs
Table shows how to use GQ(\) with linear function approximation for GVFs.

Algorithm 5 GQ(\) for Learning GVFs

Initialize wy to 0, and 6y arbitrarily.

Choose proper (small) positive values for «, .

Repeat for each episode:

Initialize e = 0.

Take A; from S; according to 7, and arrive at Sy11.

Observe sample, (S¢, Riy1, Zi+1, Si+1) at time step ¢ (with their corresponding state-
action feature vectors).

7: for each observed sample do

10:
11:
12:
13:
14:

Gry1  Yog (@] Siy1)P(Si41,a), and
At = A(St), vt = v(St) i1 < Y(Stq1)-

6t + (Res1 + (1 — 1) Zig1 + Y410 dg1) — 6] ¢
pr = Tats-
et < Gt + pryAcer—1. B
Ors1 < O + oy [Oper — ye1 (1 — A1) (e we) drya ]
Wiyl — wy + L [5t6t - (¢7§th)¢t]-

end for

To derive GQ(A) with linear function approximation for GVFs, we follow the derivation

of GQ(A) for standard value functions (see also Maei, 2011). GQ(X) has been implemented
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in Horde architecture (Sutton et al., 2011), in a robotic task, which involves a complex and
non-stationary environment.

14.2 GTD()) for Learning GVFs

Analogous to action-value functions, general state-value functions can be learned through
a gradient TD method for GVFs. The state-value function are needed for various optimal
control methods, such as policy gradient method with actor-critic architecture for predicting
grounded world-knowledge (Sutton, 2009).

Table () shows how to use GTD()) for GVFs with varying eligibility traces. For the
detailed derivations see Maei (2011).

Algorithm 6 GTD()) for GVF's
Initialize wy to 0, and 6y arbitrarily.
Choose proper (small) positive values for a, f.
Repeat for each episode:
Initialize e =0
Take A; from S; according to 7, and arrive at Siyq.
Observe sample, (¢¢, Ri11, Zi11, ¢r41), where ¢y = ¢(Sp).
for each observed sample do
At = A(St), v = (St) i1+ Y(Sta1)-

6t + (Res1 + (1 — 1) Zeg1 + Yes10] deg1) — 6] ¢
7(A¢|St)
Pt = TATE)

et < pt (Ot + e ees—1).

Ors1 < O + oy [Oper — ye1 (1 — A1) (e we)drya .-
Wiy — wy + L [5t6t - (¢7§th)¢t]-

. end for

H
14

—= s e
s

15. Discussions

In this paper, we presented a new family of temporal-difference learning algorithms based
on gradient descent. Our gradient-TD algorithms can be viewed as performing stochastic
gradient-descent in a mean-square projected Bellman-error (PBE) objective function whose
optimum is the TD-solution. Another key technique was introducing a set of auxiliary
weights that were used in the update of actual parameters. The auxiliary weights were
trained online, based on a stochastic update rule. All of our gradient-TD algorithms are
guaranteed to converge.

The recent gradient TD methods (with TDC-style update, that is, TD update and a
correction term), such as GTD(A), seems more effective than GTD2 and GTD1 that were
developed in Sutton, Szepesvéari and Maei (2008) and Sutton et al. (2009). Such gradient
TD algorithms, for the first time, have made it possible to have TD learning with linear
complexity both in terms of memory and per-time-step computation while retaining their
stability for general settings, including nonlinear function approximation and off-policy
learning.
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We also incorporated eligibility traces into our gradient-TD methods. Particularly, we
considered a general scenario that eligibility trace function can be an arbitrary function of
state, thus, can vary over time.

Another contribution is extending and making gradient-TD algorithms suitable for learn-
ing general value functions (GVFs). In standard RL, the value of a state is a measure of
predicted future rewards from that state by following a policy. However, in the real-world,
predictions are not necessarily in the form of future rewards. We would like to be able to
answer questions such as: “If I keep moving forward now, would I bump to a wall after
few second?” This question not only considers the outcome of moving forward after a few
second, it also suggest that the policy of moving forward is only excited in particular states.
The GVFs formulation is suitable for answering these temporally abstract predictions, which
are also essential for representing abstract, higher level-knowledge about courses of action,
or options. Here, we let policies to have their own activation and termination conditions,
thus, making them suitable for option-conditional predictions (Sutton et al., 1998; 1999 ).

Although, in this paper, we focused on TD methods in the context of reinforcement
learning, all these new ideas and methods can also be extended to various approximate DP
methods. A good way to understand the impact of this work is to see it a a way of curing
the curse-of-dimensionality.

The curse appears in large class of decision-making problems or problems that involve
learning from interaction. Dynamic Programming (DP) is a general approach for solving
complex decision-making problems. However, due to Bellman’s curse-of-dimensionality it
has not been extended in solving large-scale applications. The curse is considered as a male-
diction that has stopped scientists from finding exact solutions for large number of practical
problems (Bellman, 1961, p. 94). Approximate DP methods—a collection of techniques for
finding approximate DP solution— have been proposed to cure the curse.

However, approximate DP methods have cured the curse only partially. Baird’s coun-
terexample suggests we may have a stability problem when using approximate DP methods.
Particularly, the problem arises when we are interested in algorithms that have the following
desirable features: incremental, online, and linear complexity both in terms of memory and
per-time-step computation.

The GQ(A) can also be extended to control problems (Maei, et al. 2010, Maei, 2011).
The future research is to conduct a through convergence analysis for control case.
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